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G-EQUIVARIANT EMBEDDING THEOREMS FOR CR MANIFOLDS OF HIGH
CODIMENSION
KEVIN FRITSCH, HENDRIK HERRMANN, AND CHIN-YU HSIAO
ABSTRACT. Let (X,T 1,0X) be a (2n+1+ d)-dimensional compact CR manifold with codi-
mension d+1, d ≥ 1, and let G be a d-dimensional compact Lie group with CR action onX
and T be a globally defined vector field onX such that CTX = T 1,0X⊕T 0,1X⊕CT ⊕Cg,
where g is the space of vector fields on X induced by the Lie algebra of G. In this work,
we show that if X is strongly pseudoconvex in the direction of T and n ≥ 2, then there
exists a G-equivariant CR embedding of X into CN , for some N ∈ N. We also establish a
CR orbifold version of Boutet de Monvel’s embedding theorem.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
The embedding of CR manifolds in general is a subject with long tradition. One para-
digm is the embedding theorem of compact strongly pseudoconvex CR manifolds of codi-
mension one. A famous theorem of Louis Boutet de Monvel [1] asserts that such manifolds
can be embedded by CR maps into the complex Euclidean space, provided the dimension
of the manifold is greater than or equal to five.
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The goal of this paper is to study equivariant embeddings of CR manifolds with high
codimension which admit a compact Lie group action G. Let us see a simple example
and explain briefly our motivation. Let G be a compact Lie group and assume that G acts
holomorphically on a Ka¨hler manifold (M,ω), where ω denotes the Ka¨hler form on M .
Let µ : M → g∗ be a moment map induced by ω. Assume that 0 ∈ g∗ is regular. Then,
µ−1(0) is a CR manifold and the Lie group G acts on µ−1(0). The study of G-equivariant CR
embeddability for µ−1(0) is closely related to some important problems in Mathematical
physics and geometric quantization theory. It should be noticed that µ−1(0) is a CR man-
ifold with high codimension in general and the action of G is transversal and CR on X (see
Example 2.5). Therefore, it is very natural to study G-equivariant CR embedding prob-
lems for CR manifolds with arbitrary codimension. When the codimension of X is one,
the problems about G-equivariant CR embedding and G-equivariant Szego˝ kernels were
studied in [5], [6] [8] and [9]. In this paper, we consider a more general situation; we
do not assume that G is transversal. We consider a (2n + 1 + d)-dimensional compact CR
manifold (X,T 1,0X) with codimension d+1, d ≥ 1, and let G be a d-dimensional compact
Lie group with a locally free CR action on X. Let T be a globally defined vector field on
X (T is not necessarily CR) such that CTX = T 1,0X ⊕ T 0,1X ⊕ CT ⊕ Cg holds, where g
is the space of vector fields on X induced by the Lie algebra of G. In this work, we show
that if X is strongly pseudoconvex in the direction of T and n ≥ 2, then there exists a
G-equivariant CR embedding of X into CN for some N ∈ N. Since the action G is locally
free X/G is a strongly pseudoconvex CR orbifold (see Definition 5.1 for the definition of
CR orbifolds). Actually, every compact strongly pseudoconvex CR orbifold can be obtained
in this way (see Theorem 5.4). As an application of our result we establish a CR orbifold
version of Boutet de Monvel’s embedding theorem which is interesting in itself because it
plays an important role in orbifold geometry.
We now formulate our main result. We refer the reader to Section 2 for some standard
notations and terminology used here. Let (X,T 1,0X) be a (2n+1+d)-dimensional compact
and orientable CR manifold of codimension d + 1, d ≥ 1, where T 1,0X is a CR structure
on X, that is, T 1,0X is a subbundle of rank n of the complexified tangent bundle CTX,
satisfying T 1,0X ∩ T 0,1X = {0}, where T 0,1X = T 1,0X, and [V,V] ⊂ V, where V =
C∞(X,T 1,0X). In this work, we assume that X admits a group action of a d-dimensional
compact Lie group G. We assume throughout that this action is CR (see Definition 2.1).
Let T ∈ C∞(X,TX) be a global defined vector field such that
CTX = T 1,0X ⊕ T 0,1X ⊕ CT ⊕ Cg,
where g is the space of vector fields on X induced by the Lie algebra of G. Let ω0(x) ∈
C∞(X,T ∗X) be the globally real one form on X such that
〈ω0 , V 〉 = 0, ∀V ∈ T 1,0X ⊕ T 0,1X ⊕ Cg,
〈ω0 , T 〉 = −1 on X.
For x ∈ X, let Lω0,x be the Levi form with respect to ω0 at x (see Definition 2.2). We
say that X is strongly pseudoconvex in the direction of T if the Levi form Lω0,x is positive
definite at every point x of X. In Section 2.3, we give several examples to motivate the
study of high codimension CR manifolds.
We now introduce the concept of G-finite smooth (CR) functions. Let
R = {Rm; m = 1, 2, . . .}
denote the set of all irreducible unitary representations of the groupG, including only one
representation from each equivalence class (see the discussion in the beginning of Sec-
tion 3.1). For eachRm, we write Rm as a matrix (Rm,j,k)dmj,k=1, where dm is the dimension
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of Rm. Fix a Haar measure dµ(g) on G so that
∫
G dµ(g) = 1. Take an irreducible unitary
representation Rm, for every g ∈ G, put
χm(g) := Tr (Rm,j,k(g))dmj,k=1 =
dm∑
j=1
Rm,j,j(g).
Let u ∈ C∞(X) be a smooth function. The m-th Fourier component of u is given by
um(x) := dm
∫
G
(g∗u)(x)χm(g)dµ(g) ∈ C∞(X)
(see Definition 3.3). For every m ∈ N, put
C∞m (X) := {f ∈ C∞(X); there is a F ∈ C∞(X) such that f = Fm on X} .
We will show in Corollary 3.8 that u lies in C∞m (X) if and only if u = um holds on X.
Given a smooth function f ∈ C∞(X), we say that f is a G-finite smooth function on X if
f =
∑K
j=1 fj with K ∈ N and fj ∈ C∞mj (X), for some mj ∈ N, j = 1, . . . ,K. Let C∞G (X)
be the set of all G-finite smooth functions on X. Note that by construction we have that
spanCGf is finite dimensional for any f ∈ C∞G (X).
Let ∂b : C
∞(X) → Ω0,1(X) be the tangential Cauchy-Riemann operator (see (2.10)).
Put
(1.1) H0b (X) :=
{
u ∈ C∞(X); ∂bu = 0
}
and set
(1.2) H0b,G(X) := H
0
b (X)
⋂
C∞G (X).
For a smooth function u ∈ C∞(X), we say that u is a G-finite smooth CR function if
u ∈ H0b,G(X). The main result of this work is the following.
Theorem 1.1. Let (X,T 1,0X) be a (2n + 1 + d)-dimensional compact and orientable CR
manifold of codimension d+1, d ≥ 1. Assume that X admits a CR action of a d-dimensional
compact Lie group G. Let T be a globally defined vector field on X such that CTX =
T 1,0X ⊕ T 0,1X ⊕ CT ⊕ Cg, where g is the space of vector fields on X induced by the Lie
algebra of G. If X is strongly pseudoconvex in the direction of T and n ≥ 2, then we can find
G-finite smooth CR functions fj ∈ H0b,G(X), j = 1, 2, . . . , N , N ∈ N, such that the map
F : X → CN
x 7→ (f1(x), . . . , fN (x))
is an embedding.
To obtain a G-equivariant CR embedding we need to show that F in Theorem 1.1 can
be chosen equivariant (see Lemma 1.2) in a way that F (X) becomes a CR submanifold of
C
N (see Theorem 1.3). For the general high codimension case, this is not obvious.
We have a G-action on H0b (X) given by gf(x) := f(g
−1x). One may verify that
if f ∈ H0b,G(X), then the G-orbit through f is contained in a finite-dimensional sub-
space. We have a G-action on the dual H0b (X)
∗ also given by gλ(f) = λ(g−1f). Now
if F : X → CN , x 7→ (f1(x), . . . , fN (x)) is an embedding with fi ∈ H0b,G(X), we define
W := span
{⋃N
j=1Gfj
}
as the smallest finite-dimensional space in H0b (X) containing all
G-orbits through the fi. We claim that the CR map
Fˆ : X → W ∗
x 7→ (h 7→ h(x))
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is a G-equivariant embedding. The equation gx 7→ (h 7→ h(gx)) = (h 7→ (g−1h)(x)) =
g(h 7→ h(x)) shows the equivariance. Now let h1, ..., hM be a basis for W and h∗1, . . . , h∗M
be the dual basis. We have Fˆ (x) =
∑
i αi(x)h
∗
i with hj(x) = ϕ(x)(hj) =
∑
i αi(x)h
∗
i (hj) =
αj(x). From this discussion, we get the following G-equivariant embedding result.
Lemma 1.2. With the same assumptions and notations used in Theorem 1.1, theG-equivariant
CR map Fˆ : X → CM is an embedding.
In general, given an arbitrary real submanifold X ′ of CM it is not true that X ′ is a CR
submanifold in the sense that CTX ′ ∩ T 1,0CM defines a CR structure on X ′. Since the
embedding Fˆ is a CR map, we find dFˆ (T 1,0X) ⊂ T 1,0CM and hence dFˆ (T 1,0X) defines a
CR structure on Fˆ (X) which is contained in CT Fˆ (X) ∩ T 1,0CM . The following theorem
shows that the G-equivariant embedding Fˆ can be chosen to be a CR embedding, that is,
Fˆ (X) is CR submanifold of CM and its induced CR structure coincides with dFˆ (T 1,0X)
(see Section 6).
Theorem 1.3. With the same assumptions and notations used in Theorem 1.1, there exists a
G-equivariant CR embedding Fˆ : X → CM of X into CM for some M ∈ N. In particular, Fˆ
is a smooth embedding and Fˆ (X) is a CR submanifold of CM with
dFˆ
(
T 1,0X
)
= CT Fˆ (X) ∩ T 1,0CN
where dFˆ denotes the differential of the map Fˆ , CT Fˆ (X) the complexified tangent space of
the submanifold Fˆ (X) and T 1,0CN the standard complex structure on CN .
Before we state our results on CR orbifold embeddings let us say some words on the im-
portance of the positivity assumption in Theorem 1.1. That assumption is roughly speaking
the existence of a non vanishing real one form ω0 with ω0(T
1,0X ⊕ T 1,0X) = 0 such that
(i) − 12idω0 induces a Hermitian metric on T 1,0X,
(ii) g is annihilated by ω0, that is, g ⊂ kerω0.
The following nonembeddable example shows that these conditions are important.
Example 1.4. Let X1 = S
3 be the 3-sphere together with a CR structure T 1,0X1 such that
(X1, T
1,0X1) is not realizable as CR submanifold of the euclidean space (see [3] and also [2],
[10], [11]) and let (X2, T
1,0X2) be a strongly pseudoconvex CR manifold of codimension one
with a transversal CR S1-action. Consider the CR manifold (X,T 1,0X) of codimension two
given by X = X1 × X2 and T 1,0X = T 1,0X1 ⊕ T 1,0X2. We have that X admits a CR S1
action. But X is not CR embeddable into some CN since X1 is not CR embeddable. Let us see
which of the previous assumptions fails to be satisfied. We can choose a non-vanishing real
one form ω1 ∈ Ω1(X1) with ω1(T 1,0X1) = 0 and let T1 be a vector field with ω1(T1) = −1.
Let T2 be the vector field induced by the transversal CR S
1 action on X2 and ω2 the unique
real one form defined by ω2(T2) = −1 and ω2(T 1,0X2) = 0. We can identify T1, T2, ω1, ω2
with vector fields and one forms onX = X1×X2 in a natural way. Let ω0 ∈ Ω1(X) be a real
one form with T 1,0X ⊕ T 0,1X ⊂ kerω0. Since ω0(T 1,0X) = 0 we can write ω0 = aω1 + bω2
for smooth functions a, b ∈ C∞(X,R). Assuming positivity of − 12idω0 (Assumption (i)) we
find that a, b > 0 must hold. The assumption ω0(T2) = 0 (Assumption (ii)) leads to b = 0.
This shows that both assumptions cannot be satisfied at the same time in this example.
In Section 5.1, we introduce the notion of CR orbifolds and study some basic properties
of CR orbifolds. In Section 5.2, we establish a CR orbifold version of Boutet de Monvel’s
embedding theorem.
Theorem 1.5. Under the assumptions used in Theorem 1.1, the CR orbifold X/G can be CR
embedded into CN , for some N ∈ N.
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It turns out that any effective CR orbifold can be written as a quotient X/G where X is
a CR manifold equipped with a CR action of a compact Lie group G (see Lemma 5.4).
Corollary 1.6. LetX be a compact and orientable strongly pseudoconvex effective CR orbifold
of codimension one. Then X can be CR embedded into CN , for some N ∈ N.
This paper is organized as follows. In Section 2, we fix some terminology and give basic
definitions and examples for CR manifolds of high codimension with Lie group actions. In
Section 3, we study the Fourier decomposition of the Kohn Laplacian. Section 4 contains
the proof of Theorem 1.1. The orbifold version of Boutet de Monvel’s embedding theo-
rem (see Corollary 1.6) is proven in Section 5. Combining the results of Section 4 and
Section 5, we prove Theorem 1.3 in Section 6.
2. PRELIMINARIES
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N0 =
N ∪ {0}, R is the set of real numbers,
R+ := {x ∈ R; x > 0} , R+ := {x ∈ R; x ≥ 0} .
For a multiindex α = (α1, . . . , αm) ∈ Nm0 we set |α| = α1+· · ·+αm. For x = (x1, . . . , xm) ∈
R
m we write
xα = xα11 . . . x
αm
m , ∂xj =
∂
∂xj
, ∂αx = ∂
α1
x1 . . . ∂
αm
xm =
∂|α|
∂xα
.
Let z = (z1, . . . , zm), zj = x2j−1 + ix2j , j = 1, . . . ,m, be coordinates of C
m, where
x = (x1, . . . , x2m) ∈ R2m are coordinates of R2m. Throughout the paper we also use
the notation w = (w1, . . . , wm) ∈ Cm, wj = y2j−1 + iy2j , j = 1, . . . ,m, where y =
(y1, . . . , y2m) ∈ R2m. We write
zα = zα11 . . . z
αm
m , z
α = zα11 . . . z
αm
m ,
∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
− i ∂
∂x2j
)
, ∂zj =
∂
∂zj
=
1
2
( ∂
∂x2j−1
+ i
∂
∂x2j
)
,
∂αz = ∂
α1
z1 . . . ∂
αm
zm =
∂|α|
∂zα
, ∂αz = ∂
α1
z1
. . . ∂αmzm =
∂|α|
∂zα
.
Let X be a C∞ orientable paracompact manifold. We let TX and T ∗X denote the
tangent bundle ofX and the cotangent bundle ofX respectively. The complexified tangent
bundle of X and the complexified cotangent bundle of X will be denoted by CTX and
CT ∗X respectively. We write 〈 · , · 〉 to denote the pointwise duality between TX and T ∗X.
We extend 〈 · , · 〉 bilinearly to CTX × CT ∗X.
Let E be a C∞ vector bundle over X. The fiber of E at x ∈ X will be denoted by Ex.
Let F be another vector bundle over X. We write F ⊠E∗ to denote the vector bundle over
X ×X with fiber over (x, y) ∈ X ×X consisting of the linear maps from Ey to Fx.
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution
sections of E over Y will be denoted by C∞(Y,E) and D ′(Y,E) respectively. Let E ′(Y,E)
be the subspace of D ′(Y,E) whose elements have compact support in Y . For m ∈ R, we
let Hm(Y,E) denote the Sobolev space of order m of sections of E over Y . Put
Hmloc (Y,E) =
{
u ∈ D ′(Y,E); ϕu ∈ Hm(Y,E), ∀ϕ ∈ C∞0 (Y )
}
,
Hmcomp (Y,E) = H
m
loc(Y,E) ∩ E ′(Y,E) .
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2.2. CR manifolds with high codimension. Let (X,T 1,0X) be a compact and orientable
CR manifold of dimension 2n + d + 1, n ≥ 2, d ≥ 1, where T 1,0X is a CR structure of X,
that is, T 1,0X is a subbundle of rank n of the complexified tangent bundle CTX, satisfying
T 1,0X ∩ T 0,1X = {0}, where T 0,1X = T 1,0X , and [V,V] ⊂ V, where V = C∞(X,T 1,0X).
In this work, we assume that X admits a action of a d-dimensional compact Lie group
G. Let g denote the Lie algebra of G. For any ξ ∈ g, we write ξX to denote the vector
field on X induced by ξ. That is, (ξXu)(x) =
∂
∂t
(
u(etξ ◦ x)) |t=0, for any u ∈ C∞(X). Let
g = Span (ξX ; ξ ∈ g).
Definition 2.1. We say that the Lie group action of G is CR if for every ξX ∈ g, we have
[ξX ,V] ⊂ V,
where V = C∞(X,T 1,0X).
We assume throughout that the action of G is CR. Let Tˆ ∈ C∞(X,TX) be a global
defined vector field such that
(2.1) CTX = T 1,0X ⊕ T 0,1X ⊕ CTˆ ⊕ Cg.
Note that under the assumption (T 1,0X ⊕ T 0,1X) ∩ Cg = {0} we have that such a vector
field Tˆ exists if and only if X is orientable. Let ωˆ0(x) ∈ C∞(X,T ∗X) be the globally real
one form on X such that
〈 ωˆ0 , V 〉 = 0, ∀V ∈ T 1,0X ⊕ T 0,1X ⊕ Cg,
〈 ωˆ0 , Tˆ 〉 = −1 on X.
(2.2)
Definition 2.2. For p ∈ X, the Levi form with respect to ωˆ0 at p is the Hermitian quadratic
form on T 1,0p X given by
Lωˆ0,p(U, V ) := −
1
2i
〈 dωˆ0(p) , U ∧ V 〉, ∀U, V ∈ T 1,0p X.
In this work, we assume that Lωˆ0,x is positive definite at every point x ∈ X. We refer
the reader to Section 2.3 for examples of CR manifolds which satisfy the conditions above.
Fix g ∈ G. Let g∗ : Λrx(CT ∗X) → Λrg−1◦x(CT ∗X) be the pull-back map. Fix a Haar
measure dµ = dµ(g) on G so that
∫
G dµ(g) = 1. Put
(2.3) ω0(x) :=
∫
G
(g∗ωˆ0)(x)dµ(g) ∈ C∞(X,T ∗X).
That is, ω0(x) is the global one form on X defined as follows: For every x ∈ X and every
V ∈ TxX, we have
〈ω0(x) , V 〉 =
∫
G
〈 (g∗ωˆ0)(x) , V 〉dµ(g) =
∫
G
〈 ωˆ0(g ◦ x) , (dg)V 〉dµ(g).
Then ω0(x) is a G-invariant global one form.
Lemma 2.3. We have that ω0(x) is a non-vanishing global one form on X,
〈ω0 , V 〉 = 0, ∀V ∈ T 1,0X ⊕ T 0,1X ⊕ Cg
and Lω0,x the Levi form with respect to ω0 is positive definite at every point x ∈ X.
Proof. Fix anyG-invariant Hermitian metric 〈 · , · 〉 on CTX. Since Lωˆ0,x is positive definite
on X and X is compact, there is a constant C > 0 such that
(2.4)
− 1
2i
〈 dωˆ0(x) , U ∧ U 〉 ≥ C, for every U ∈ T 1,0x X with 〈U , U 〉 = 1 and every x ∈ X.
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Now, for every U ∈ T 1,0x X with 〈U , U 〉 = 1 and every x ∈ X, we have
− 1
2i
〈 dω0(x) , U ∧ U 〉 = − 1
2i
∫
G
〈 d(g∗ωˆ0)(x) , U ∧ U 〉dµ(g)
= − 1
2i
∫
G
〈 g∗(dωˆ0)(x) , U ∧ U 〉dµ(g) = − 1
2i
∫
G
〈 dωˆ0)(g ◦ x) , (dg)U ∧ dg(U) 〉dµ(g).
(2.5)
Since G is CR and the Hermitian metric 〈 · , · 〉 is G-invariant, we have (dg)U ∈ T 1,0g◦xX and
〈 (dg)U , (dg)U 〉 = 1, for every g ∈ G. From this observation, (2.4) and (2.5), we deduce
that
− 1
2i
〈 dω0(x) , U ∧ U 〉 ≥ C, for every U ∈ T 1,0x X with 〈U , U 〉 = 1 and every x ∈ X,
where C > 0 is the constant as in (2.4). Hence, ω0(x) is a non-vanishing global one form
on X and Lω0,x is positive definite at every point x ∈ X.
For every V ∈ T 1,0x X ⊕ T 0,1x X ⊕ Cgx, we have
〈ω0(x) , V 〉 =
∫
G
〈 (g∗ωˆ0)(x) , V 〉dµ(g) =
∫
G
〈 ωˆ0(g ◦ x) , (dg)V 〉dµ(g) = 0
since (dg)V ∈ T 1,0g◦xX ⊕ T 0,1g◦xX ⊕ Cgg◦x, for every g ∈ G. The lemma follows. 
Fix any global one form T˜ ∈ C∞(X,TX) with 〈ω0 , T˜ 〉 = −1 on X. Put
T (x) :=
∫
G
(g∗T˜ )(x)dµ(g),
where g∗T˜ denotes the pull-back of T˜ . Recall that (g∗T˜ )(x) = dg−1(T˜ (g ◦ x)), where
dg−1 : Tg◦xX → TxX is the differential of the map g−1 : X → X, x→ g−1 ◦ x. Then, T is
a G-invariant global vector filed on X.
Lemma 2.4. We have 〈ω0 , T 〉 = −1 on X.
Proof. For every x ∈ X, we have
〈ω0(x) , T (x) 〉 =
∫
G
〈ω0(x) , (dg−1)T˜ (g ◦ x) 〉dµ(g)
=
∫
G
〈 ((g−1)∗ω0)(g ◦ x) , T˜ (g ◦ x) 〉dµ(g)
=
∫
G
〈ω0(g ◦ x) , T˜ (g ◦ x) 〉dµ(g) = −1
since (g−1)∗ω0 = ω, for every g ∈ G. The lemma follows. 
From Lemma 2.4, we deduce that there is a G-invariant global defined vector field
T ∈ C∞(X,TX) such that
(2.6) CTX = T 1,0X ⊕ T 0,1X ⊕ CT ⊕ Cg
and there is a G-invariant global one form ω0 ∈ C∞(X,T ∗X) such that
〈ω0 , V 〉 = 0, ∀V ∈ T 1,0X ⊕ T 0,1X ⊕ Cg,
〈ω0 , T 〉 = −1 on X,
Lω0,x the Levi form with respect to ω0 is positive definite at every point x ∈ X.
(2.7)
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Denote by T ∗1,0X and T ∗0,1X the dual bundles of T 1,0X and T 0,1X respectively. That
is,
T ∗1,0X =
(
T 0,1X ⊕ CT ⊕ Cg
)⊥
,
T ∗0,1X =
(
T 1,0X ⊕ CT ⊕ Cg
)⊥
.
Define the vector bundle of (0, q) forms by T ∗0,qX := Λq(T ∗0,1X). Let D ⊂ X be an
open set. Let Ω0,q(D) denote the space of smooth sections of T ∗0,qX over D and let
Ω0,q0 (D) be the subspace of Ω
0,q(D) whose elements have compact support in D. We write
C∞(D) := Ω0,0(D), C∞0 (D) := Ω
0,0
0 (D).
Take anyG-invariant Hermitian metric on TG and let ξ1, . . . , ξd be an orthonormal basis
for g. Put
(2.8) Tj := ξj,X ∈ C∞(X,TX), j = 1, . . . , d,
where ξj,X denotes the vector field on X induced by ξj, j = 1, . . . , d. Fix a G-invariant
Hermitian metric 〈 · | · 〉 on CTX such that
T 1,0X ⊥ T 0,1X ⊥ CT ⊥ g,
〈T |T 〉 = 1.(2.9)
The G-invariant Hermitian metric 〈 · | · 〉 on CTX induces a G-invariant Hermitian metric
〈 · | · 〉 on the bundle ⊕2n+d+1j=1 Λj(CT ∗X) and let |·| denote the corresponding norm. For
q = 1, . . . , n, let
τ0,q : Λq(CT ∗X)→ T ∗0,qX
be the orthogonal projection with respect to 〈 · | · 〉. The tangential Cauchy Riemann oper-
ator is given by
(2.10) ∂b := τ
0,q+1 ◦ d : Ω0,q(X)→ Ω0,q+1(X).
Let dvX = dvX(x) be the volume form on X induced by the Hermitian metric 〈 · | · 〉. The
natural global L2 inner product ( · | · ) on C∞(X,Λr(CT ∗X)) induced by dvX(x) and 〈 · | · 〉
is given by
(2.11) (u | v ) :=
∫
X
〈u(x) | v(x) 〉 dvX (x) , u, v ∈ C∞(X,Λr(CT ∗X)) .
For u ∈ C∞(X,Λr(CT ∗X)), we write ‖u‖2 := (u |u ). Let L2(X,Λr(CT ∗X)) and L2(0,q)(X)
be the completions of C∞(X,Λr(CT ∗X)) and Ω0,q(X) with respect to ( · | · ) respectively.
We write L2(X) := L2(0,0)(X). We extend ∂b to L
2
(0,q)(X) by
∂b : Dom ∂b ⊂ L2(0,q)(X)→ L2(0,q+1)(X),
Dom ∂b :=
{
u ∈ L2(X); ∂bu ∈ L2(0,1)(X)
}
.
Put
Ker ∂b :=
{
u ∈ L2(X); ∂bu = 0
}
.
Since the action of G is CR, we have
g∗ : T ∗0,qx X → T ∗0,qg−1◦xX, ∀x ∈ X.
Thus, for u ∈ Ω0,q(X), we have g∗u ∈ Ω0,q(X). Moreover, we have
(2.12) ∂b(g
∗u) = g∗(∂bu), ∀u ∈ Ω0,q(X), ∀g ∈ G.
Let ∂
∗
b : Ω
0,q+1(X)→ Ω0,q(X) be the formal adjoint of ∂b with respect to ( · | · ) and let

(q)
b := ∂b ∂
∗
b + ∂
∗
b ∂b : Ω
0,q(X)→ Ω0,q(X).
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We can check that
∂
∗
b(g
∗u) = g∗(∂
∗
bu), ∀u ∈ Ω0,q(X), ∀g ∈ G,

(q)
b (g
∗u) = g∗(
(q)
b u), ∀u ∈ Ω0,q(X), ∀g ∈ G.
(2.13)
Let d : C∞(X,Λr(CT ∗X)) → C∞(X,Λr+1(CT ∗X)) be the exterior derivative and let
d∗ : C∞(X,Λr+1(CT ∗X))→ C∞(X,Λr(CT ∗X)) be the formal adjoint of d with respect to
( · | · ). Let
(2.14) △(r) := d∗d+ dd∗ : C∞(X,Λr(CT ∗X))→ C∞(X,Λr(CT ∗X)).
We have
(2.15) △(r)(g∗u) = g∗(△(r)u), ∀u ∈ C∞(X,Λr(CT ∗X)), ∀g ∈ G.
Consider △(r) + I : C∞(X,Λr(CT ∗X)) → C∞(X,Λr(CT ∗X)). We extend △(r) + I to
the L2 space by
△(r) + I : Dom (△(r) + I) ⊂ L2(X,Λr(CT ∗X))→ L2(X,Λr(CT ∗X)),
Dom(△(r) + I) =
{
u ∈ L2(X,Λr(CT ∗X)); (△(r) + I)u ∈ L2(X,Λr(CT ∗X))
}
.
The operator△(r)+I is a nonnegative self-adjoint operator. Let Spec (△(r)+I) denote the
spectrum of △(r) + I. Then, Spec (△(r) + I) is a discrete subset of ]0,+∞[ and for every
λ ∈ Spec (△(r) + I), λ is an eigenvalue of △(r) + I and the space
Eλ(X,Λ
r(CT ∗X)) :=
{
u ∈ Dom (△(r) + I); (△(r) + I)u = λu
}
is a finte dimensional subspace of C∞(X,Λr(CT ∗X)). For every λ ∈ Spec (△(r) + I), let
Pλ : L
2(X,Λr(CT ∗X))→ Eλ(X,Λr(CT ∗X))
be the orthogonal projection with respect to ( · | · ). The square root of△(r)+ I is given by√
△(r) + I : C∞(X,Λr(CT ∗X))→ L2(X,Λr(CT ∗X)),
u→
∑
λ∈Spec (△(r)+I)
√
λ(Pλu).
(2.16)
It is easy to see that (2.16) is well-defined.
We extend
√
△(r) + I to the L2 space by√
△(r) + I : Dom
√
△(r) + I ⊂ L2(X,Λr(CT ∗X))→ L2(X,Λr(CT ∗X)),
Dom
√
△(r) + I =
{
u ∈ L2(X,Λr(CT ∗X));
√
△(r) + Iu ∈ L2(X,Λr(CT ∗X))
}
.
It is well-known (see [12]) that
(2.17)
√
△(r) + I is a classical elliptic pseudodifferential operator of order one.
Hence,
√
△(r) + I : C∞(X,Λr(CT ∗X)) → C∞(X,Λr(CT ∗X)). Moreover, from (2.15), it
is not difficult to check that
(2.18)
√
△(r) + I(g∗u) = g∗(
√
△(r) + Iu), ∀u ∈ C∞(X,Λr(CT ∗X)), ∀g ∈ G.
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2.3. Examples. In this section we state some examples of CR manifolds with high codi-
mension in the context of Section 2.2.
Example 2.5. Let (Z,ω) be a Ka¨hler manifold. Let G be a compact Lie group acting holo-
morphic on Z and leaving ω invariant. Assume that there exists a moment map µ : Z → g∗
and 0 ∈ g∗ is a regular value. We will show thatM := µ−1(0) is a CR submanifold of Z with
transversal G-action.
First note that M is a G-invariant manifold, since µ is equivariant. Then we have TxM =
ker dxµ = (gx)
⊥ω = gx⊕ (Cgx)⊥ω . Because 0 is a regular value, we have that the dimension
of gx does not depend on x ∈ M and gx can not contain a complex subspace because of
gx ⊂ (gx)⊥ω .
Note that momentum maps and the zero levels of momentum maps play an important
role in the study of Lie group actions. Especially the quotientM/G is of high interest.
Example 2.6. Let X be a CR manifold of dimension 2n + d and CR codimension d with
transversal CR action of a compact group G. Let U be an open, G-invariant subset of X with
smooth boundary. Then Y := ∂U is a CR submanifold of X of dimension 2n + d − 1 =
2n− 2 + d+ 1 with CR codimension d+ 1.
To see this, one checks that CTY = Cg⊕ (T 1,0X⊕T 0,1X)∩CTY and dimCT 1,0X ∩CTY =
n− 1.
Now assume that X is orientable and U is given by U = {ρ < 0}, where ρ is a G-
invariant strictly plurisubharmonic function on X. By strictly plurisubharmonic we mean
that 〈 ∂b ∂bρ(x) , Z ∧Z 〉 > 0, for every x ∈ X and every Z ∈ T 1,0x X, Z 6= 0, where the differ-
ential operators are defined in (2.10). We may define a one-form ω on Y via ω = (−∂b+∂b)ρ
on (T 1,0X ⊕ T 0,1X) ∩ CTY and ω(g) = 0. We then have ω(T 1,0Y ⊕ T 0,1Y ) = 0, ω(T ) 6= 0
for some non-vanishing vector field T and one checks in local coordinates that dω is positive
on T 1,0Y .
Example 2.7. Let X be a CR manifold of codimension 1 with a CR group action of a compact
group G such that g ⊂ T 1,0X⊕T 0,1X. Assume that there exists a G-invariant 1-form ω such
that (U, V ) 7→ dω(U, V¯ ) is a positive definite form on T 1,0X. Furthermore, assume that there
exists a vector field T onX such that dω(T, ξ) = 0 for ξ ∈ g andCT⊕T 1,0X⊕T 0,1X = CTX.
Define µξ(x) := −ω(ξX(x)) for ξ ∈ u and ξX the induced vector field on X.
Since ω isG-invariant, we have dµξ = −dιξXω = ιξXdω. Define µ : X → g∗, µ(x)(ξ) = µξ(x)
and assume that 0 is a regular value.
We see that the manifold M := µ−1(0) is G-invariant because µξ(gx) = ω(ξ(gx)) =
ω(dg(Adg−1ξ)(x)) = ω((Adg−1ξ)(x)) = 0 for x ∈ M and Ad denoting the adjoint action
of G on g.
We have dµξ(T ) = dω(ξX , T ) = 0. The CR structure on X induces a subbundle W :=
(T 1,0X⊕T 0,1X)∩TX and a linear map Jx : Wx →Wx with J2x = Idx. The form dω induces
hermitian metrics on the complex spaces (Wx, Jx) and one checks that TM = T ⊕ g⊥dω =
T ⊕ g ⊕ (CJg)⊥dω . As in example 2.5, the bundle g does not contain a complex subspace of
W and therefore,M is a CR submanifold of X.
Example 2.8. Let X = {(z, zn+1) ∈ Cn × C | ‖z‖2 − |zn+1|2 = 1}. Putting T 1,0X =
CTX ∩ T 1,0Cn+1 we have that (X,T 1,0X) is a CR manifold of codimension one which is
neither compact nor strongly pseudoconvex. We have that
ω =
i
2

zn+1dzn+1 − zn+1dzn+1 + n∑
j=1
zjdzj − zjdzj


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defines a nonvanishing real one form on X with T 1,0X ⊕ T 0,1X ⊂ kerω. Furthermore,
T := i
∑n+1
j=1 zj
∂
∂zj
− zj ∂∂zj is a transversal vector field with ω(T ) = −1. Consider the CR
S1 action on X given by s ◦ (z, z′) = (sz, s2z′) and denote its induced vector field by T1.
Since ω is invariant under the S1 action a CR moment map is given by µ : X → R, µ(z, z′) =
〈ω, T1〉(z, z′) = 1 − |zn+1|2. It follows that (M := µ−1(0), T 1,0M := CTM ∩ T 1,0X) is
a compact CR manifold of codimension two with CTM = T 1,0M⊕ T 0,1M⊕ CT1 ⊕ CT .
Denoting the pullback of ω to M by ω0 we find 〈ω0, T 〉 = −1, 〈ω0, T1〉 = 0 and T 1,0M⊕
T 0,1M⊂ kerω0. A direct calculation then shows that (M, T 1,0M) is strongly pseudoconvex
in the direction of T , that is, Lω0 (see Definition 2.2) is positive everywhere.
Example 2.9. Let X be a CR manifold of codimension 1 and assume that there exists a
transversal CR S1-action on X. We may embed S1 into Un, the unitary matrices of degree n,
as multiples of the identity. Then Un×X is a CR manifold on which S1 acts via (s, (U, x)) 7→
(Us−1, sx). The action is CR and free, therefore the quotient (Un ×X)/S1 =: Un ×S1 X is a
manifold and we may push the CR structure onto the quotient T 1,0(Un×S1X) := π∗T 1,0(Un×
X), where π denotes the projection.
This does give a CR structure on Un ×S1 X, such that the Un-action is CR, locally free and
transversal. Note that we may decompose the Un-action into an S
1 × SUn-action and if X is
a strictly pseudoconvex CR manifold, then Un ×S1 X is positive in the sense of Definition 2.2
for the vector field T induced by the S1-action.
Example 2.10. Consider (Un ×S1 X,T 1,0(Un ×S1 X)) as in Example 2.9. We have that
Un ×S1 X admits a transversal CR S1 × SUn action. Set Xˆ = Un ×S1 X and denote by T
the real vector field induced by the S1 part of the action. Take an SUn invariant function
ψ ∈ C∞(Xˆ,R) and define a CR structure on Xˆ by
T 1,0x Xˆ = {Z + i(T (ψ)Z − Z(ψ)T ) | Z ∈ T 1,0x (Un ×S
1
X)}, x ∈ Xˆ.
We have that (Xˆ, T 1,0Xˆ) admits a CR SUn action and that T is a transversal vector field,
that is, CTXˆ = T 1,0Xˆ ⊕ T 0,1Xˆ ⊕ Csun ⊕ CT. Note that in general T fails to be a CR vector
field for (Xˆ, T 1,0Xˆ). Assuming that X is strongly pseudoconvex and that the C2-norm of
ψ is sufficiently small we have that (Xˆ, T 1,0Xˆ) is strongly pseudoconvex in the direction of
T . More precisely, there exists a real nonvanishing one form ω0 with 〈ω0, T 〉 = −1 and
T 1,0Xˆ ⊕ T 0,1Xˆ ⊕ Csun ⊂ kerω0 such that Lω0 (see Definition 2.2) is positive everywhere.
Example 2.11. Let (M,T 1,0M) be a compact connected orientable CR manifold of dimension
2n+1 and codimension 1, n ≥ 1. Fix a global non-vanishing real 1-form ω0 ∈ C∞(M,T ∗M)
such that 〈ω0 , u 〉 = 0, for every u ∈ T 1,0M⊕T 0,1M . Assume thatM admits a d-dimensional
connected compact CR Lie group action G and G preserves ω0. Let g denote the Lie algebra
of G. For any ξ ∈ g, we write ξX to denote the vector field on M induced by ξ. The moment
map associated to the form ω0 is the map µ : M → g∗ such that, for all x ∈ M and ξ ∈ g,
we have 〈µ(x), ξ〉 = ω0(ξX(x)). Assume that 0 is a regular value of µ and − 12idω0|T 1,0M
is positive at every point of µ−1(0). It was shown in [7, Thm. 2.5] that µ−1(0) is a CR
manifold of dimension 2n+1−d and codimension d+1 and µ−1(0) satisfies the assumptions
of Theorem 1.1.
3. FOURIER ANALYSIS AND THE KOHN LAPLACIAN
We first recall some classical facts about Fourier analysis on Lie groups in Section 3.1.
Then, in Section 3.2, we give a description of G-finite functions on manifolds with Lie
group action in terms of a Fourier decomposition. In Section 3.3 we study the restriction
of the Kohn Laplacian to the components of this Fourier decomposition.
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3.1. Fourier analysis on Lie groups. We recall that a representation of the group G is a
group homomorphism ρ : G→ GL(Cd) for some d ∈ N. The representation represents the
elements of the group as d × d complex square matrices so that multiplication commutes
with ρ. The number d is the dimension of the representation ρ. A representation ρ is
unitary if each ρ(g), g ∈ G, is a unitary matrix. A representation ρ is reducible if we
have a splitting Cd = V1 ⊕ V2 so that ρ(g)Vj = Vj for all g ∈ G, for both j = 1, 2 and
0 < dimV1 < d, where V1 and V2 are vector subspaces of C
d. If ρ is not reducible, it is
called irreducible. Two representations ρ1 and ρ2 are equivalent if they have the same
dimension and there is an invertible matrix A such that ρ1(g) = Aρ2(g)A
−1 for all g ∈ G.
To understand all representations of the group G, it often suffices to study the irreducible
unitary representations. We let
R = {Rm; m = 1, 2, . . .}
denote the set of all irreducible unitary representations of the group G, including only
one representation from each equivalence class. For each Rm, we write Rm as a matrix
(Rm,j,k)dmj,k=1, where dm is the dimension of Rm. Fix a Haar measure dµ(g) on G so
that
∫
G dµ(g) = 1 and let ( · | · )G be the L2 inner product on C∞(G) induced by dµ(g).
Let L2(G) be the completion of C∞(G) with respect to ( · | · )G. We recall the Peter-Weyl
theorem on compact Lie groups (see [13]).
Theorem 3.1. We have that the set
{√
dmRm,j,k; j, k = 1, . . . , dm,m = 1, 2, . . .
}
form an
orthonormal basis of L2(G).
Let f ∈ C∞(G) be a smooth function. Fix an irreducible unitary representation Rm
and fix a matrix element Rm,j,k. The Fourier component of f with respect to Rm,j,k is the
function
(3.1) fm,j,k(g) := dmRm,j,k(g)
∫
G
f(g)Rm,j,k(g)dµ(g) ∈ C∞(G).
For every ℓ ∈ N, let ‖·‖Cℓ(G) be a Cℓ norm onG. The following result is the smooth version
of the Peter-Weyl theorem on compact Lie groups (see the discussion after Theorem 2
in [13])
Theorem 3.2. With the notations used above, let f ∈ C∞(G). Then, for every ℓ ∈ N and
every ε > 0, there is a N0 ∈ N such that for every N ≥ N0, we have
(3.2)
∥∥∥∥∥∥f −
N∑
m=1
dm∑
j,k=1
fm,j,k
∥∥∥∥∥∥
Cℓ(G)
≤ ε.
For every m ∈ N, put
(3.3) C∞m (G) =


dm∑
j,k=1
cj,kRm,j,k(g) ∈ C∞(G); cj,k ∈ C, j, k = 1, . . . , dm

 .
Let f ∈ C∞(G) be a smooth function. We say that f is a smooth G-finite function on G if
f =
∑N
j=1 fj, N ∈ N, where fj ∈ C∞mj (G), mj ∈ N, j = 1, . . . , N . Let C∞G (G) denote the
set of all smooth G-finite functions on G.
3.2. Fourier analysis on X. Fix an irreducible unitary representation Rm, for every g ∈
G, put
χm(g) := Tr (Rm,j,k(g))dmj,k=1 =
dm∑
j=1
Rm,j,j(g).
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Fix r = 0, 1, . . . , 2n+ d+ 1. We need the following.
Definition 3.3. Let u ∈ C∞(X,Λr(CT ∗X)) be a smooth section. The m-th Fourier compo-
nent of u is given by
um(x) := dm
∫
G
(g∗u)(x)χm(g)dµ(g) ∈ C∞(X,Λr(CT ∗X)).
Note that if u ∈ Ω0,q(X), then um ∈ Ω0,q(X), for every m = 1, 2, . . .. We have
Theorem 3.4. Let u ∈ C∞(X,Λr(CT ∗X)) be a smooth section. Then,
(3.4) lim
N→+∞
N∑
m=1
um(x) = u(x), for every point x ∈ X,
(3.5) (um |uℓ ) = 0 if m 6= ℓ,
and
(3.6)
N∑
m=1
‖um‖2 ≤ ‖u‖2 , ∀N ∈ N.
Proof. Fix x ∈ X. Consider the matrix-valued smooth function on G:
f : g ∈ G→ (g∗u)(x).
Let fm,j,k be as in (3.1). We have
(3.7) fm,j,k(g) = dmRm,j,k(g)
∫
(g∗u)(x)Rm,j,k(g)dµ(g).
By Theorem 3.2, for every ε > 0, there is a N0 ∈ N such that for every N ≥ N0, we have
(3.8)
∣∣∣∣∣∣(g∗u)(x)−
N∑
m=1
dm∑
j,k=1
fm,j,k(g)
∣∣∣∣∣∣ ≤ ε, ∀g ∈ G.
Take g = e0 in (3.8), where e0 denotes the identity element in G, we get
(3.9)
∣∣∣∣∣∣u(x)−
N∑
m=1
dm∑
j,k=1
fm,j,k(e0)
∣∣∣∣∣∣ ≤ ε,
for every N ≥ N0. From (3.7), it is easy to see that
N∑
m=1
dm∑
j,k=1
fm,j,k(e0) =
N∑
m=1
um(x).
From this observation and (3.9), we get (3.4).
By Theorem 3.1, we can check that
+∞∑
m=1
dm∑
j,k=1
∫
G
|fm,j,k(g)|2 dµ(g)
=
+∞∑
m=1
dm∑
j,k=1
dm
∣∣∣∣
∫
G
(g∗u)(x)Rm,j,k(g)dµ(g)
∣∣∣∣2
=
∫
G
|(g∗u)(x)|2 dµ(g), for every x ∈ X.
(3.10)
We notice that for every p, q ∈ C∞(X,Λr(CT ∗X)), we have
( p | q ) = (h∗p |h∗q ), for every h ∈ G.
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Hence, for every m ∈ N, ℓ ∈ N, we have
(3.11) (um |uℓ ) =
∫
G
(h∗um |h∗uℓ)dµ(h).
Now, for every h ∈ G, we have
h∗um = dm
∫
G
(h∗g∗u)(x)χm(g)dµ(g)
= dm
∫
G
((g ◦ h)∗u)(x)χm(g)dµ(g)
= dm
∫
G
(g∗u)(x)χm(g ◦ h−1)dµ(g).
(3.12)
We can check
(3.13) χm(g ◦ h−1) =
dm∑
j=1
dm∑
s=1
Rm,j,s(g)Rm,j,s(h).
From (3.13) and (3.12), we get
h∗um = dm
∫
G
(g∗u)(x)
( dm∑
j=1
dm∑
s=1
Rm,j,s(g)Rm,j,s(h)dµ(g)
)
(3.14)
and similarly,
h∗uℓ = dℓ
∫
G
(g∗u)(x)
( dm∑
j=1
dm∑
s=1
Rℓ,j,s(g)Rℓ,j,s(h)dµ(g)
)
.(3.15)
From Theorem 3.1, we see that
(3.16)∫
Rm,j,s(h)Rℓ,j1,ss(h)dµ(h) = 0, if m 6= ℓ, for every j, s = 1, . . . , dm, j1, s1 = 1, . . . , dℓ.
From (3.14), (3.15) and (3.16), for every x ∈ X, we obtain
(3.17)
∫
G
〈h∗um(x) |h∗uℓ(x) 〉dµ(h) = 0 if m 6= ℓ.
From (3.17) and (3.11), we get (3.5).
Now, form (3.14) and Theorem 3.1, for every x ∈ X, we have
(3.18)
∫
G
〈h∗um(x) |h∗um(x) 〉dµ(h) =
dm∑
j,s=1
dm
∣∣∣∣
∫
G
(g∗u)(x)Rm,j,s(g)dµ(g)
∣∣∣∣2 .
From (3.18) and (3.10), we deduce that
(3.19)
N∑
m=1
∫
G
〈h∗um(x) |h∗um(x) 〉dµ(h) ≤
∫
G
|(g∗u)(x)|2 dµ(g),
for every x ∈ X and every N ∈ N. From (3.19) and (3.11), we have
N∑
m=1
‖um‖2 =
∫
X
N∑
m=1
(∫
G
〈h∗um(x) |h∗um(x) 〉dµ(h)dvX (x)
)
≤
∫
X
∫
G
|(g∗u)(x)|2 dµ(g)dvX (x) = ‖u‖2 ,
for every N ∈ N. We get (3.6). 
G-EQUIVARIANT EMBEDDING THEOREMS FOR CR MANIFOLDS OF HIGH CODIMENSION 15
We pause and introduce some notations. For s ∈ N, let ‖·‖s denote the standard Sobolev
norm on C∞(X,Λr(CT ∗X)) of order s and let ‖·‖Cs(X,Λr(CT ∗X)) denote the standard
Cs(X,Λr(CT ∗X)) norm on C∞(X,Λr(CT ∗X)). Let vj ∈ C∞(X,Λr(CT ∗X)), j = 1, 2, . . ..
We say that vj → v in C∞(X,Λr(CT ∗X)) topology, where v ∈ C∞(X,Λr(CT ∗X)), if for
every s ∈ N and every ε > 0, there is a j0 ∈ N such that for every j ≥ j0, we have
‖vj − v‖Cs(X,Λr(CT ∗X)) ≤ ε, ∀j ≥ j0.
We can now prove
Theorem 3.5. Let u ∈ C∞(X,Λr(CT ∗X)) be a smooth section. Then,
(3.20) limN→+∞
∑N
m=1 um = u in C
∞(X,Λr(CT ∗X)) topology.
Proof. Let △(r) : C∞(X,Λr(CT ∗X)) → C∞(X,Λr(CT ∗X)) be as in (2.14). From (2.15),
it is not difficult to see that △(r)um = (△(r)u)m and hence
(3.21) (△(r))jum = ((△(r))ju)m,
where ((△(r))ju)m denotes the m-th Fourier component of (△(r))ju. For every N ∈ N, let
vN :=
N∑
m=1
um ∈ C∞(X,Λr(CT ∗X)).
From (3.5), (3.6) and (3.21), we have
∥∥∥(△(r))jvN∥∥∥2 =
∥∥∥∥∥
N∑
m=1
(△(r))jum
∥∥∥∥∥
2
=
∥∥∥∥∥
N∑
m=1
((△(r))ju)m
∥∥∥∥∥
2
=
N∑
m=1
∥∥∥((△(r))ju)m∥∥∥2 ≤ ∥∥∥(△(r))ju∥∥∥2 ,
(3.22)
for every j ∈ N0 and every N ∈ N. Hence, for every j ∈ N0, we have
(3.23) lim
N,M→+∞
∥∥∥((△(r))j)(vN − vM )∥∥∥2 = 0.
Since △(r) is elliptic, for every s ∈ N, there is a constant Cs > 0 such that
(3.24) ‖f‖2s ≤
(∥∥∥(△(r))sf∥∥∥2 + ‖f‖2), for every f ∈ C∞(X,Λr(CT ∗X)).
From (3.24) and (3.23), we conclude that for every s ∈ N, there is a u˜s ∈ Hs(X,Λr(CT ∗X))
such that vN → u˜s inHs(X,Λr(CT ∗X)). From the Sobolev embedding theorem, there is a
s0 ∈ N such that for all s ≥ s0, u˜s ∈ C0(X,Λr(CT ∗X)) and vN → u˜s in C0(X,Λr(CT ∗X)).
From (3.4), we see that vN → u pointwise and hence
u = u˜s for all s ∈ N with s ≥ s0.
We have proved that vN → u in Hs(X,Λr(CT ∗X)), for all s ∈ N with s ≥ s0. By Sobolevs
embedding theorem, vN → u in C∞(X,Λr(CT ∗X)) topology. The theorem follows. 
For every m ∈ N, put
(3.25) Ω0,qm (X) :=
{
f ∈ Ω0,q(X); there is a F ∈ Ω0,q(X) such that f = Fm on X
}
.
Let L2(0,q),m(X) be the L
2 completion of Ω0,qm (X)with resect to ( · | · ). We denoteC∞m (X) :=
Ω0,0m (X), L2m(X) := L
2
(0,0),m(X). We need
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Lemma 3.6. Fix m ∈ N, ℓ ∈ N with m 6= ℓ. Let Rm,j,k be any matrix element of Rm and let
Rℓ,j1,k2 be any matrix element of Rℓ. Let A ∈ Ω0,q(X). Then,
(3.26)
∫
G
(h∗g∗A)(x)Rm,j,k(g)Rℓ,j1,k1(h)dµ(g)dµ(h) = 0, for every x ∈ X.
Proof. We have∫
G
(h∗g∗A)(x)Rm,j,k(g)Rℓ,j1,k1(h)dµ(g)dµ(h)
=
∫
G
((g ◦ h)∗A)(x)Rm,j,k(g)Rℓ,j1,k1(h)dµ(g)dµ(h)
=
∫
G
(g∗A)(x)Rm,j,k(g ◦ h−1)Rℓ,j1,k1(h)dµ(g)dµ(h)
=
∫
G
(g∗A)(x)
( dm∑
s=1
Rm,j,s(g)Rm,k,s(h)
)
Rℓ,j1,k1(h)dµ(g)dµ(h).
(3.27)
By Theorem 3.1, we have
(3.28)
∫
G
Rm,k,s(h)Rℓ,j1,k1(h)dµ(h) = 0, for every s = 1, . . . , dm.
From (3.28) and (3.27), the lemma follows. 
We can prove
Theorem 3.7. Fixm ∈ N and letRm,j,k be any matrix element ofRm. Let A ∈ Ω0,q(X) and
set f(x) =
∫
G(g
∗A)(x)Rm,j,k(g)dµ(g). Then, f = fm on X.
Proof. From Theorem 3.5, we have
(3.29) lim
N→+∞
N∑
ℓ=1
fℓ(x) = f(x) in C
∞(X,Λq(CT ∗X)) topology.
Now, for every ℓ 6= m, from (3.26), we have
(3.30) fℓ(x) =
∫
G
(h∗g∗A)(x)Rm,j,k(g)χℓ(h)dµ(g)dµ(h) = 0.
From (3.30) and (3.29), we get f = fm and the theorem follows. 
Corollary 3.8. Let u ∈ Ω0,q(X) be a (0, q)-form. Then, u ∈ Ω0,qm (X) if and only if u = um
on X.
Let Tj ∈ C∞(X,TX), j = 1, . . . , d, be as in (2.8). Let u ∈ Ω0,q(X). For each j =
1, . . . , d, we denote Tju := LTju ∈ Ω0,q(X), where LTj denotes the Lie derivative of u
along Tj. We have
Theorem 3.9. Fix j = 1, . . . , d, and m ∈ N. We have Tju ∈ Ω0,qm (X), for every u ∈ Ω0,qm (X)
and there is a constant C > 0 such that
(3.31) ‖Tju‖ ≤ C ‖u‖ , for every u ∈ Ω0,qm (X).
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Proof. Let u ∈ Ω0,qm (X) be a (0, q)-form. We have
(Tju)(x) =
∂
∂t
(
((etξj )∗u)(x)
)
|t=0
=
∂
∂t
( ∫
G
((etξj )∗g∗)u)(x)χm(g)dµ(g)
)
|t=0
=
∂
∂t
( ∫
G
((getξj )∗u)(x)χm(g)dµ(g)
)
|t=0
=
∂
∂t
( ∫
G
(g∗u)(x)χm(g ◦ (etξj )−1)dµ(g)
)
|t=0
=
∂
∂t
( ∫
G
(g∗u)(x)
dm∑
k=1
dm∑
s=1
Rm,k,s(g)Rm,k,s(etξj )dµ(g)
)
|t=0
=
∫
G
(g∗u)(x)
dm∑
k=1
dm∑
s=1
ck,sRm,k,s(g)dµ(g),
(3.32)
where ck,s =
∂
∂t
(
Rm,k,s(etξj )
)
|t=0 ∈ C, k, s = 1, . . . , dm. From (3.32) and Theroem 3.7,
we deduce that Tju ∈ Ω0,qm (X).
Now, from (3.32), we have
‖Tju‖2 =
∫
X
∣∣∣∣∣
∫
G
(g∗u)(x)
dm∑
k=1
dm∑
s=1
ck,sRm,k,s(g)dµ(g)
∣∣∣∣∣
2
dvX(x)
≤
∫
X
(∫
G
|(g∗u)(x)|2 dµ(g)
∫
G
∣∣∣∣∣
dm∑
k=1
dm∑
s=1
ck,sRm,k,s(g)
∣∣∣∣∣
2
dµ(g)
)
dvX(x)
≤ C
∫
X
∫
G
|(g∗u)(x)|2 dµ(g)dvX (x) = C ‖u‖2 ,
(3.33)
where C =
∫
G
∣∣∣∑dmk=1∑dms=1 ck,sRm,k,s(g)∣∣∣2 dµ(g). We get (3.31) and the theorem follows.

We have
Theorem 3.10. Fix j = 1, . . . , d, and m ∈ N. Let s ∈ N. Then, there is a constant Cs > 0
such that
(3.34) ‖Tju‖s ≤ Cs ‖u‖s , for every u ∈ Ω0,qm (X),
where ‖·‖s denotes the standard Sobolev norm of order s.
Proof. Fix s ∈ N. Since
√
△(r) + I is a classical elliptic pseudodifferential operator of
order one (see (2.17)), there is a constant Cˆs > 1 such that
(3.35)
1
Cˆs
∥∥∥∥(
√
△(r) + I)su
∥∥∥∥ ≤ ‖u‖s ≤ Cˆs
∥∥∥∥(
√
△(r) + I)su
∥∥∥∥ ,
for every u ∈ C∞(X,Λq(CT ∗X)). From (2.18), we have
(3.36) (
√
△(r) + I)s(Tju) = Tj((
√
△(r) + I)su), ∀u ∈ Ω0,q(X).
18 KEVIN FRITSCH, HENDRIK HERRMANN, AND CHIN-YU HSIAO
From (3.35), (3.36), (2.18) and (3.31), we have
‖Tju‖s ≤ Cˆs
∥∥∥∥(
√
△(r) + I)s(Tju)
∥∥∥∥ = Cˆs
∥∥∥∥Tj((
√
△(r) + I)su)
∥∥∥∥
≤ CˆsC
∥∥∥∥(
√
△(r) + I)su
∥∥∥∥ ≤ (Cˆs)2C ‖u‖s ,
(3.37)
for every u ∈ Ω0,qm (X), where C > 0 and Cˆs > 0 are constants as in (3.31) and (3.35)
respectively. The theorem follows. 
We introduce some definitions.
Definition 3.11. Let f ∈ C∞(X) be a smooth function. We say that f is a G-finite smooth
function on X if there is a f˜ ∈ C∞(X) and h(g) ∈ C∞G (G) such that
f(x) =
∫
f˜(g ◦ x)h(g)dµ(g).
Let C∞G (X) be the set of all G-finite smooth functions on X.
For the meaning of C∞G (G), we refer the reader to the discussion after (3.3). Let f ∈
C∞G (X) be a smooth G-finite function. From Theorem 3.7, we see that f ∈ C∞G (X) if and
only if f =
∑N
j=1 fj, N ∈ N, where fj ∈ C∞mj (X), for some mj ∈ N, j = 1, . . . , N .
3.3. Fourier components of the Kohn Laplacian. We fix m ∈ N. From (2.12), we see
that
∂b : Ω
0,q
m (X)→ Ω0,q+1m (X).
We extend ∂b to L
2
(0,q),m(X) by
∂b : Dom ∂b ⊂ L2(0,q),m(X)→ L2(0,q+1),m(X),
Dom ∂b :=
{
u ∈ L2(0,q),m(X); ∂bu ∈ L2(0,q+1),m(X)
}
.
Let
∂
∗
b : Dom ∂
∗
b ⊂ L2(0,q+1),m(X)→ L2(0,q),m(X)
be the L2 adjoint of ∂b with respect to ( · | · ). The m-th Fourier component of the Kohn
Laplacian is given by

(q)
b,m = ∂b ∂
∗
b + ∂
∗
b ∂b : Dom
(q)
b,m ⊂ L2(0,q),m(X)→ L2(0,q),m(X),
Dom
(q)
b,m =
{
u ∈ L2(0,q),m(X); u ∈ Dom ∂b
⋂
Dom ∂
∗
b , ∂bu ∈ Dom ∂∗b , ∂∗bu ∈ Dom ∂b
}
.
(3.38)
For every j = 1, . . . , d, let T ∗j : Ω
0,q(X) → Ω0,q(X) be the formal adjoint of Tj with
respect to ( · | · ). Put
(3.39) ˆ
(q)
b := 
(q)
b + T
∗
1 T1 + · · · + T ∗d Td : Ω0,q(X)→ Ω0,q(X).
Since the Levi from Lω0,x is positive definite at every point x ∈ X and n ≥ 2, we can
repeat the proof of Theorem 8.4.2 in [4] and deduce the following
Theorem 3.12. Let q ≥ 1 be a positive integer. For every s ∈ N0, there is a constant Cs > 0
such that
(3.40) ‖u‖s+1 ≤ Cs
(∥∥∥ˆ(q)b u∥∥∥
s
+ ‖u‖s
)
,
for every u ∈ Ω0,q(X).
From now on, we fix m ∈ N. We can prove
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Theorem 3.13. Let q ≥ 1 be a positive integer. For every s ∈ N0, there is a constant Cs > 0
such that
(3.41) ‖u‖s+1 ≤ Cs
(∥∥∥(q)b,mu∥∥∥
s
+ ‖u‖s
)
,
for every u ∈ Ω0,qm (X).
Proof. Fix s ∈ N0 and let u ∈ Ω0,qm (X). We have
(3.42)
∥∥∥ˆ(q)b u∥∥∥
s
≤ C
(∥∥∥(q)b,mu∥∥∥
s
+
d∑
j=1
∥∥T ∗j Tju∥∥s),
where C > 0 is a constant independent of u. From (3.34), we see that
(3.43)
∥∥T ∗j Tju∥∥s ≤ Cˆ ‖u‖s , j = 1, . . . , d,
where Cˆ > 0 is a constant independent of u. From (3.42), (3.43) and (3.40), we get
(3.41). 
For every s ∈ N, let Hsm(X,T ∗0,qX) be the completion of Ω0,qm (X) with respect to ‖·‖s.
From Theorem 3.13, we can repeat the technique of elliptic regularization (see the proof
of Theroem 8.4.2 in [4]) and conclude that
Theorem 3.14. Let q ≥ 1 be a positive integer and u ∈ Dom(q)b,m with (q)b,mu = v ∈
L2(0,q),m(X). If v ∈ Hsm(X,T ∗0,qX), s ∈ N0, then u ∈ Hs+1m (X,T ∗0,qX) and there is a
constant Cs > 0 independent of u, v, such that
‖u‖s+1 ≤ Cs
( ∥∥∥(q)b,mu∥∥∥s + ‖u‖s
)
.
From Theorem 3.14 and some standard argument in functional analysis, we get
Theorem 3.15. For q ≥ 1, we have that

(q)
b,m = ∂b ∂
∗
b + ∂
∗
b ∂b : Dom
(q)
b,m ⊂ L2(0,q),m(X)→ L2(0,q),m(X)
has closed range.
For q ≥ 1, let N (q)m : L2(0,q),m(X) → Dom
(q)
b,m be the partial inverse of 
(q)
b,m and let
S
(q)
m : L2(0,q),m(X)→ Ker
(q)
b,m be the Szego˝ projection, i.e., the orthogonal projection onto
Ker
(q)
b,m with respect to (· | · ). We have

(q)
b,mN
(q)
m + S
(q)
m = I on L
2
(0,q),m(X),
N (q)m 
(q)
b,m + S
(q)
m = I on Dom
(q)
b,m.
(3.44)
From Theorem 3.14, we obtain
Theorem 3.16. For q ≥ 1, we have that N (q)m : Hsm(X,T ∗0,qX) → Hs+1m (X,T ∗0,qX) is
continuous, for every s ∈ N0.
We consider the case q = 0. Let
(3.45) Sm := S
(0)
m : L
2
m(X)→ Ker(0)b,m
be the Szego˝ projection. We need
Theorem 3.17. We have
(3.46) Sm = I − ∂∗bN (1)m ∂b on C∞m (X).
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Proof. Put
Sˆm := I − ∂∗bN (1)m ∂b : C∞m (X)→ C∞m (X).
Take u ∈ C∞m (X). From (3.44), we have
∂bSˆmu
= ∂bu− ∂b ∂∗bN (1)m ∂bu
= ∂bu−
(
N (1)m 
(1)
b,m + S
(1)
m
)
∂b ∂
∗
bN
(1)
m ∂bu.
(3.47)
Since S
(1)
m ∂b = 0 and 
(1)
b,m∂b ∂
∗
b = ∂b ∂
∗
b ∂b ∂
∗
b = ∂b ∂
∗
b
(1)
b,m, we have(
N (1)m 
(1)
b,m + S
(1)
)
∂b ∂
∗
bN
(1)
m ∂b
= N (1)m 
(1)
b,m∂b ∂
∗
bN
(1)
m ∂b
= N (1)m ∂b ∂
∗
b ∂b ∂
∗
bN
(1)
m ∂b
= N (1)m ∂b ∂
∗
b
(1)
b,mN
(1)
m ∂b
= N (1)m ∂b ∂
∗
b ∂b (here we used (3.44))
= N (1)m 
(1)
b,m∂b
= ∂b(here we used (3.44)).
(3.48)
From (3.47) and (3.48), we get
(3.49) ∂bSˆmu = 0.
For any v ∈ Ker ∂b, we have
(3.50) ( v | ∂∗bN (1)m ∂bu ) = ( ∂bv |N (1)m ∂bu ) = 0.
From (3.49) and (3.50), we deduce that
u = Sˆm + (I − Sˆm)u = (I − ∂∗bN (1)m ∂b)u+ ∂∗bN (1)m ∂bu
is the orthogonal decomposition and hence Sˆm = Sm. 
We can now prove
Theorem 3.18. We have
(3.51) Sm : C
∞
m (X)→ C∞m (X)
and for every ℓ ∈ N, there are K ∈ N and C > 0 such that
(3.52) ‖(I − Sm)u‖Cℓ(X) ≤ C
∥∥∂bu∥∥CK(X,CT ∗X) , for every u ∈ C∞m (X).
Proof. From (3.46) and Theorem 3.16, we get (3.51).
Let ℓ ∈ N be a nonnegative integer. By the Sobolev inequalities, there is a K ∈ N and a
constant C > 0 such that
(3.53) ‖(I − Sm)u‖Cℓ(X) ≤ C ‖(I − Sm)u‖K , for evert u ∈ C∞(X).
From Theorem 3.16, we see that
∂
∗
bN
(1)
m : H
s
m(X,T
∗0,1X)→ Hsm(X)
is continuous, for every s ∈ N0. From this observation and (3.46), we have
(3.54) ‖(I − Sm)u‖K =
∥∥∥(∂∗bN (1)m ∂b)u∥∥∥
K
≤ Cˆ ∥∥∂bu∥∥K ≤ C˜ ∥∥∂bu∥∥CK(X,CT ∗X) ,
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for every u ∈ C∞m (X), where Cˆ > 0 and C˜ > 0 are constants. From (3.54) and (3.53), we
get (3.52). 
4. G-EQUIVARIANT EMBEDDING THEOREMS
In this section, we will prove Theorem 1.1. The idea is to construct global G-finite CR
functions which separate points and define local embeddings. Since X is compact, this
leads to an embedding of X by G-finite CR functions.
Until further notice, we fix p ∈ X. Let Z1 ∈ C∞(X,T 1,0X), . . . , Zn ∈ C∞(X,T 1,0X) be
smooth sections such that for every x ∈ X, {Z1(x), . . . , Zn(x)} is an orthonormal basis for
T 1,0x X and the Levi form Lω0,p is diagonalized with respect to {Z1(p), . . . , Zn(p)}, that is,
(4.1) Lω0,p(Zj(p), Zℓ(p)) = δj,ℓλj , j, ℓ = 1, . . . , n,
where δj,ℓ = 1 if j = ℓ, δj,ℓ = 0 if j 6= ℓ. Note that λj > 0, for every j = 1, . . . , n. Let e0
denote the identity element of G. By the Frobenius theorem, there exist local coordinates
θ = (θ1, . . . , θd) of G defined in a neighborhood V of e0 with v(e0) = (0, . . . , 0) and local
coordinates x = (x1, . . . , x2n+1+d) of X defined in a neighborhood U of p with x(p) = 0
such that
(θ1, . . . , θd) ◦ (x1, . . . , , x2n+1, 0, . . . , 0)
= (x1, . . . , x2n+1, θ1, . . . , θd), ∀(θ1, . . . , θd) ∈ V, ∀(x1, . . . , , x2n+1, 0, . . . , 0) ∈ U,(4.2)
where we identify V as an open set of original point in Rd,
(4.3) g = span
{
∂
∂x2n+2
, . . . ,
∂
∂x2n+1+d
}
,
and
Zj(p) =
∂
∂zj
(p), j = 1, . . . , n,
T (p) =
∂
∂x2n+1
(p),
(4.4)
where ∂∂zj =
1
2(
∂
∂x2j−1
− i ∂∂x2j ), j = 1, . . . , n. Put zj = x2j−1 + ix2j , j = 1, . . . , d, z =
(z1, . . . , zn). We write
Zj =
∂
∂zj
+
n∑
s=1
(aj,szs + bj,szs)
∂
∂x2n+1
+
(
cjx2n+1 +
2n+d+1∑
s=2n+2
cj,sxs
) ∂
∂x2n+1
+
∑
1≤j≤2n+1+d,j 6=2n+1
O(|x|) ∂
∂xj
+O(|x|2), j = 1, . . . , n,
(4.5)
where aj,s ∈ C, bj,s ∈ C, j, s = 1, . . . , n, cj ∈ C, cj,s ∈ C, j = 1, . . . , n, s = 2n+2, . . . , 2n+
d + 1. From (4.1), (4.4) and [Zj , Zℓ] ∈ C∞(X,T 1,0X), for every j, ℓ = 1, . . . , n, it is
straightforward to check that
aj,ℓ = aℓ,j, j, ℓ = 1, 2, . . . , n,
bℓ,j − bj,ℓ = −2iλjδj,ℓ, j, ℓ = 1, . . . , n.
(4.6)
From (4.6), we can change x2n+1 to
x2n+1 − 1
2
( n∑
j,ℓ=1
aj,ℓzjzℓ +
n∑
j,ℓ=1
aj,ℓ zj zℓ +
n∑
j,ℓ=1
bj,ℓzjzℓ +
n∑
j,ℓ=1
bj,ℓ zjzℓ
)
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and by some straightforward calculation, we have
Zj =
∂
∂zj
+ iλjzj
∂
∂x2n+1
+
(
cjx2n+1 +
2n+d+1∑
s=2n+2
cj,sxs
) ∂
∂x2n+1
+
∑
1≤j≤2n+1+d,j 6=2n+1
O(|x|) ∂
∂xj
+O(|x|2), j = 1, . . . , n.
(4.7)
From [Zj ,
∂
∂xs
] ⊂ C∞(X,T 1,0X), for every j = 1, . . . , n, s = 2n + 2, . . . , 2n + d + 1, we
deduce that cj,s = 0, for every j = 1, . . . , n, s = 2n+ 2, . . . , 2n+ d+ 1. Hence,
Zj =
∂
∂zj
+ iλjzj
∂
∂x2n+1
+ cjx2n+1
∂
∂x2n+1
+
∑
1≤j≤2n+1+d,j 6=2n+1
O(|x|) ∂
∂xj
+O(|x|2), j = 1, . . . , n,
(4.8)
and
Zj =
∂
∂zj
− iλjzj ∂
∂x2n+1
+ cjx2n+1
∂
∂x2n+1
+
∑
1≤j≤2n+1+d,j 6=2n+1
O(|x|) ∂
∂xj
+O(|x|2), j = 1, . . . , n.
(4.9)
Until further notice, we work with the local coordinates x defined in an open set U of p.
We identify V as an open neighborhood of the origin in Rd and we assume that U = U˜×V ,
where U˜ is an open neighborhood of the origin in R2n+1.
We say that g is a homogeneous polynomial of degree ℓ ∈ N0 on U if g is the finite sum
g =
∑
|α|+|β|+|γ|+γ0=ℓ,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
cα,β,γ0,γz
αzβxγ02n+1θ
γ ,
where α = (α1, . . . , αn), β = (β1, . . . , βn), γ = (γ1, . . . , γd), |α| =
∑n
j=1 αj , |β| =
∑n
j=1 βj ,
|γ| = ∑dj=1 γj , zα := zα11 · · · zαnn , zβ := zβ11 · · · zβnn , θγ := θγ11 · · · θγdd , cα,β,γ,γ0,γ ∈ C, for
every α, β ∈ Nn0 , γ0 ∈ N0, γ ∈ Nd0. Let Pℓ(U) be the set of all homogeneous polynomials of
degree ℓ.
Theorem 4.1. We can find φℓ ∈ Pℓ(U), ℓ = 1, 2, 3, . . ., with
φ1 = x2n+1,
φ2 = i
( n∑
j=1
λj |zj |2 + |x2n+1|2 +
d∑
j=1
|θj|2
)
−
n∑
j=1
(cjzjx2n+1 + cjzjx2n+1),
(4.10)
where cj , j = 1, . . . , n, are as in (4.9), such that
(4.11) Zj
( N∑
ℓ=1
φℓ
)
= O(|x|N ), for every j = 1, . . . , n, for every N ∈ N.
Proof. Let φ1 ∈ P1(U), φ2 ∈ P2(U) be as in (4.10). From (4.9), it is easy to see that
Zj
( 2∑
ℓ=1
φℓ
)
= O(|x|2), for every j = 1, . . . , n.
G-EQUIVARIANT EMBEDDING THEOREMS FOR CR MANIFOLDS OF HIGH CODIMENSION 23
We assume that we can find φℓ ∈ Pℓ(U), ℓ = 1, 2, 3, . . . , N , where φ1 and φ2 are as in
(4.10), such that
(4.12) Zj
( N∑
ℓ=1
φℓ
)
= O(|x|N ), for every j = 1, . . . , n.
We write
(4.13) Z1
( N∑
ℓ=1
φℓ
)
=
∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
cα,β,γ0,γz
αzβxγ02n+1θ
γ+O(|x|N+1),
where cα,β,γ0,γ ∈ C, for every α, β ∈ Nn0 , γ0 ∈ N0, γ ∈ Nd0. Let
φ
(1)
N+1 := −
∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
cα,β,γ0,γ
1
α1 + 1
zα1+11 z
α2
2 · · · zαnn zβxγ02n+1θγ .
From (4.9) and (4.13), we see that
(4.14) Z1
( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
= O(|x|N+1).
Write
Z2
( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
=
∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
dα,β,γ0,γz
αzβxγ02n+1θ
γ +O(|x|N+1),
(4.15)
where dα,β,γ0,γ ∈ C, for every α, β ∈ Nn0 , γ0 ∈ N0, γ ∈ Nd0. We claim that
(4.16)
∂
∂z1
( ∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
dα,β,γ0,γz
αzβxγ02n+1θ
γ
)
= 0.
Since [Z1, Z2] ⊂ C∞(X,T 0,1X), from (4.12), we have
[Z1, Z2]
( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
=
(
Z1Z2 − Z2Z1
)( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
= O(|x|N ).
(4.17)
Now, from (4.14), we have
(4.18) Z2Z1
( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
= O(|x|N ).
From (4.9) and (4.15), we have
Z1Z2
( N∑
ℓ=1
φℓ + φ
(1)
N+1
)
=
∂
∂z1
( ∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
dα,β,γ0,γz
αzβxγ02n+1θ
γ
)
+O(|x|N ).
(4.19)
From (4.17), (4.18) and (4.19), we get the claim (4.16).
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Set
φ
(2)
N+1 := −
∑
|α|+|β|+|γ|+γ0=N,α,β∈Nn0 ,γ0∈N0,γ∈N
d
0
dα,β,γ0,γ
1
α2 + 1
zα11 z
α2+1
2 · · · zαnn zβxγ02n+1θγ .
From (4.15) and (4.16), it is not difficult to check that
(4.20) Zj
( N∑
ℓ=1
φℓ + φ
(1)
N+1 + φ
(2)
N+1
)
= O(|x|N+1), for every j = 1, 2.
Continuing in this way, we conclude that we can find φN+1 ∈ PN+1(U) such that
(4.21) Zj
( N∑
ℓ=1
φℓ + φN+1
)
= O(|x|N+1), for every j = 1, 2, . . . , n.
From (4.21) and Mathematical induction, the theorem follows. 
We can now prove
Theorem 4.2. With the notations above, there exists a function ϕ ∈ C∞(U) such that
(4.22) Imϕ(x) ≥ c |x|2 on U , where c > 0 is a constant,
(4.23)
ϕ(x) = x2n+1+i
( n∑
j=1
λj |zj |2+ |x2n+1|2+
d∑
j=1
|θj|2
)
−
n∑
j=1
(cjzjx2n+1+cjzjx2n+1)+O(|x|3),
and
(4.24) (∂bϕ)(x) = O(|x|N ), for every N ∈ N,
where cj ∈ C, j = 1, . . . , n, are as in (4.9).
Proof. Let φℓ ∈ Pℓ(U), ℓ = 1, 2, 3, . . ., be as in Theorem 4.1. For each j = 3, 4, . . ., we have
(4.25) |Imφj(x)| ≤ 2−j
(∑n
j=1 λj |zj |2 + |x2n+1|2 +
∑d
j=1 |θj|2
)
on Wj ⊂ U,
where Wj is an open set of p, for each j = 3, 4, . . .. Take χ(x) ∈ C∞0 (R2n+1+d) so that
χ(x) = 1 if |x|2 ≤ 12 and χ(x) = 0 if |x|2 ≥ 1. For each j = 3, 4, . . ., take ǫj > 0 be a small
constant so that Suppχ( xǫj ) ⊂Wj,
(4.26)
∣∣∣∣χ( xǫj )Imφj(x)
∣∣∣∣ < 2−j(
n∑
j=1
λj |zj |2 + |x2n+1|2 +
d∑
j=1
|θj |2
)
on U,
and for all α ∈ N2n+1+d0 , |α| < j, we have
(4.27) sup
{∣∣∣∣∂αx (χ( xǫj )φj(x)
)∣∣∣∣ ; x ∈ U
}
< 2−j .
On U , we put
ϕ(x) = φ1(x) + φ2(x) +
∞∑
j=3
χ(
x
ǫj
)φj(x).
From (4.27), we can check that ϕ(x) is well-defined as a smooth function on U and for all
α ∈ N2n+1+d0 with |α| = k, k ∈ N, we have
∂αxϕ|p = ∂αxφk|p.
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Combining this with (4.11), we conclude that ∂bϕ vanishes to infinite order at p and we
get (4.24). Moreover, from (4.26), we have
Imϕ(x) ≥
( n∑
j=1
λj |zj |2 + |x2n+1|2 +
d∑
j=1
|θj |2
)(
1−
∞∑
j=3
2−j
)
≥ c |x|2 on U,
where c > 0 is a constant. We get (4.22). From the construction of ϕ, we see that (4.23)
holds and the theorem follows. 
Put
(4.28) Np := {g ∈ G; g ◦ p = p} = {g1 := e0, g2, . . . , gr} ,
where gj 6= gk, if j 6= k, j, k = 1, . . . , r. We need
Lemma 4.3. There are small open setsW ⋐ V of e0 in G and D ⊂ U of p in X such that
g ◦ x ∈ U , for every x ∈ D, for every g ∈ ⋃rs,t=1 gsWgt,
where V and U are as in the discussion before (4.2).
Proof. This follows directly from the fact that the action mapG×X → X is continuous. 
For any set A ⊂ G, put A−1 := {g−1; g ∈ G}. If A is an open set of G, we have that A−1
is also open in G because taking inverse is continuous. LetW be as in Lemma 4.3. We can
replace W by W
⋂
W−1. Fix W0 ⋐ W1 ⋐ W , where W0 and W1 are open neighborhoods
of e0 in G. From now on, we take W0,W1,W small enough so that
(gsWgt)
⋂
(gs1Wgt1) = ∅, for every s, t, s1, t1 = 1, . . . , r, with gs ◦ gt 6= gs1 ◦ gt1 ,
W = W−1, W0 = W
−1
0 , W1 =W
−1
1 .
(4.29)
We need
Lemma 4.4. There is an open set Dˆ ⋐ D of p in X such that
g ◦ x /∈ Dˆ, for every x ∈ Dˆ and every g /∈ ⋃rs=1W1gs,
where D is as in Lemma 4.3.
Proof. Assume that the claim of the lemma is not true. Then, we can find open setsDj ⊂ D
of p in X, j = 1, 2, . . ., with Dj+1 ⊂ Dj , j = 1, 2, . . .,
⋂+∞
j=1Dj = {p}, such that for every j,
we can find hj /∈
⋃r
s=1W1gs and xj ∈ Dj , such that hj ◦ xj ∈ Dj . Since G is compact, we
can find a subsequence 1 ≤ t1 < t2 < · · · , such that htℓ → h ∈ G as tℓ → +∞, for some
h /∈
r⋃
s=1
W0gs.
Since
⋂+∞
j=1Dj = {p}, we have xtℓ → p as tℓ → +∞. Since htℓ ◦ xtℓ ∈ Dtℓ , for every tℓ, we
conclude that h ◦ p = p. But h /∈ Np, we get a contradiction. The lemma follows. 
We pause and introduce some notations. Let Ω be an open set of RN , N ∈ N. Let
gk(x) ∈ C∞(Ω) be a k-dependent function, k = 1, 2, . . .. We write gk = O(k−∞) if for
every M ∈ N, every compact set K ⋐ Ω and every α ∈ NN0 , there is a constant C > 0
independent of k such that
|(∂αx gk)(x)| ≤ Ck−M , for every x ∈ K and every k = 1, 2, . . ..
Let gk(x), hk(x) ∈ C∞(Ω) be k-dependent functions, k = 1, 2, . . .. We write gk = hk +
O(k−∞) if gk − hk = O(k−∞).
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Let χ ∈ C∞0 (Dˆ) with χ = 1 near p, where Dˆ is as in Lemma 4.4. Let τ ∈ C∞0 (Rd) with
τ = 1 near 0 ∈ Rd. Put x′′ = (x2n+2, . . . , x2n+1+d). For every k ∈ N, put
(4.30) f˜k(x) = k
d
2 eikϕ(x)χ(x)τ(
√
k
log k
x′′) ∈ C∞0 (Dˆ).
From (4.22) and (4.24), we see that
(4.31) (∂bf˜k)(x) = O(k
−∞).
Let a(g) ∈ C∞(G) be a smooth function on G so that Re a(g) = 2 on some small neigh-
borhood of
⋃r
s,t=1 gsW0gt and |a(g)| = 0 outside
⋃r
s,t=1 gsW1gt. By Theorem 3.2, we see
that there is a b(g) ∈ C∞G (G) so that ‖b− a‖C0(G) < 12 . Hence, Re b(g) ≥ 1 on some small
neighborhood of
⋃r
s,t=1 gsW0gt and |b(g)| ≤ 12 outside
⋃r
s,t=1 gsW1gt. For every k ∈ N, put
(4.32) fˆk(x) :=
∫
G
f˜k(g ◦ x)b(g)dµ(g) ∈ C∞G (X).
Let
S : L2(X)→ Ker ∂b :=
{
u ∈ L2(X); ∂bu = 0
}
be the orthogonal projection.
Theorem 4.5. We have Sfˆk ∈ C∞G (X)
⋂
Ker ∂b and
(4.33) Sfˆk = fˆk +O(k
−∞).
Proof. Since fˆk ∈ C∞G (X), we have fˆk =
∑N
j=1 gj,k, N ∈ N, where gj,k ∈ C∞mj (X), for some
mj ∈ N, j = 1, . . . , N . Note that N and mj, j = 1, . . . , N , are independent of k. From
(4.31), we see that
(4.34) ∂bgj,k = O(k
−∞), for every j = 1, . . . , N.
It is easy to see that
(4.35) Sfˆk =
N∑
j=1
Smjgj,k,
where Sm is given by (3.45). From (4.34), (4.35), (3.51) and (3.52), the theorem follows.

For every k ∈ N, put fk := Sfˆk ∈ C∞G (X)
⋂
Ker ∂b and setGDˆ :=
{
g ◦ x; g ∈ G,x ∈ Dˆ
}
.
Theorem 4.6. We have
lim
k→+∞
fk(p) = π
d
2
r∑
j=1
b(gj),
Re ( lim
k→+∞
fk(p)) ≥ rπ
d
2
(4.36)
and
(4.37) lim
k→+∞
|fk(h ◦ p)| = π
d
2
∣∣∣∣∣∣
r∑
j=1
b(gj ◦ h−1)
∣∣∣∣∣∣ ≤
1
2
rπ
d
2 for every h /∈ ⋃rs,t=1 gsW1gt,
where r ∈ N is the Cardinal number of Np.
For every ε > 0, there is a k1 ∈ N such that
(4.38) |fk(x)| ≤ ε, for every k ≥ k1, k ∈ N, and every x /∈ GDˆ.
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Proof. Take γ ∈ C∞0 (W ) with γ = 1 on W1. From (4.33) and (4.32), we have
lim
k→+∞
fk(p)
= lim
k→+∞
fˆk(p)
= lim
k→+∞
∫
G
f˜k(g ◦ p)b(g)dµ(g)
= lim
k→+∞
( ∫
G
f˜k(g ◦ p)
r∑
j=1
γ(g ◦ g−1j )b(g)dµ(g)
+
∫
G
f˜k(g ◦ p)
(
1−
r∑
j=1
γ(g ◦ g−1j )
)
b(g)dµ(g)
)
.
(4.39)
If g ∈ W1gs, for some s = 1, . . . , r, then 1 −
∑r
j=1 γ(g ◦ g−1j ) = 0. From this observation,
we deduce that
(4.40)∫
G
f˜k(g◦p)
(
1−
r∑
j=1
γ(g◦g−1j )
)
b(g)dµ(g) =
∫
g /∈
⋃r
s=1W1gs
f˜k(g◦p)
(
1−
r∑
j=1
γ(g◦g−1j )
)
b(g)dµ(g).
From Lemma 4.4, we see that
(4.41) g ◦ p /∈ Dˆ, for every g /∈ ⋃rs=1W1gs.
By the construction of f˜k(x) (see (4.30)), f˜k(x) = 0, for every x /∈ Dˆ. From this observa-
tion, (4.40) and (4.41), we conclude that
(4.42)
∫
G
f˜k(g ◦ p)
(
1−
r∑
j=1
γ(g ◦ g−1j )
)
b(g)dµ(g) = 0.
Now, from (4.42), (4.39), (4.30) and (4.2), we have
lim
k→+∞
fk(p)
= lim
k→+∞
∫
G
f˜k(g ◦ p)
r∑
j=1
γ(g ◦ g−1j )b(g)dµ(g)
= lim
k→+∞
∫
G
f˜k(g ◦ gj ◦ p)
r∑
j=1
γ(g)b(g ◦ gj)dµ(g)
= lim
k→+∞
∫
G
f˜k(g ◦ p)
r∑
j=1
γ(g)b(g ◦ gj)dµ(g)
= lim
k→+∞
r∑
j=1
∫
eikϕ(0,θ)χ((0, θ))τ(
√
k
log k
θ)b(θ ◦ gj)m(θ)dθ
= lim
k→+∞
r∑
j=1
∫
e−|θ|
2
χ((0,
θ√
k
))τ(
θ
log k
)b(
θ√
k
◦ gj)m( θ√
k
)dθ
=
r∑
j=1
∫
Rd
e−|θ|
2
b(gj)dθ
= π
d
2
r∑
j=1
b(gj),
(4.43)
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where (0, θ) = (0, . . . , 0, θ1, . . . , θd) ∈ U , dµ(θ) = m(θ)dθ on W , m(0) = 1. Note that
Re b(gj) ≥ 1, for every j = 1, . . . , r. From this observation and (4.43), we get (4.36).
Now, for every h ∈ G, we have
lim
k→+∞
|fk(h ◦ p)|
= lim
k→+∞
∣∣∣fˆk(h ◦ p)∣∣∣
= lim
k→+∞
∣∣∣∣
∫
G
f˜k(g ◦ h ◦ p)b(g)dµ(g)
∣∣∣∣
= lim
k→+∞
∣∣∣∣
∫
G
f˜k(g ◦ p)b(g ◦ h−1)dµ(g)
∣∣∣∣ .
(4.44)
From (4.44), we can repeat the process in (4.43) and conclude that
(4.45) lim
k→+∞
|fk(h ◦ p)| = π
d
2
∣∣∣∣∣∣
r∑
j=1
b(gj ◦ h−1)
∣∣∣∣∣∣ .
Assume that h /∈ ⋃rs,t gsW1gt. Note thatW1 = W−11 . From this observation, it is no difficult
to check that
(4.46) gj ◦ h−1 /∈
r⋃
s,t
gsW1gt, for every j = 1, . . . , r.
Note that
∣∣∣b(g)∣∣∣ ≤ 12 , for every g /∈ ⋃rs,t gsW1gt. From this observation, (4.46) and (4.45),
we get (4.37).
Let ε > 0 be positive. From (4.33), we see that there is a k1 ∈ N such that for every
k ∈ N, k ≥ k1, we have
(4.47)
∣∣∣fk(x)− fˆk(x)∣∣∣ < ε, for every x ∈ X.
Now, for x /∈ GDˆ, we have ∫
G
f˜k(g ◦ x)b(g)dµ(g) = 0
since Supp f˜k ⊂ Dˆ. From this observation and (4.47), we get (4.38). 
From Theorem 4.6, we deduce
Corollary 4.7. With the notations used above, there is a k0 ∈ N and an open set D˜ ⋐ Dˆ of
p such that
(4.48) Re fk0(x) ≥
3
4
rπ
d
2 , for every x ∈ D˜,
and
(4.49) |fk0(h ◦ x)| ≤
2
3
rπ
d
2 for every h /∈ ⋃rs,t=1 gsW1gt and every x ∈ D˜,
where r ∈ N is the Cardinal number of Np.
Moreover, let x0 ∈ X and assume that g ◦ x0 /∈ Dˆ, for every g ∈ G. Then,
(4.50) |fk0(x0)| ≤
1
2
rπ
d
2 .
We can repeat the proof of Theorem 4.2 with minor change and get
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Theorem 4.8. We can find βj(x) ∈ C∞(U), j = 1, 2, . . . , n+ 1, with
βj(x) = zj +O(|x|2), j = 1, 2, . . . , n,
βn+1(x) = x2n+1 +O(|x|2)
(4.51)
such that ∂bβj(x) = O(|x|N ), for every N ∈ N and every j = 1, 2, . . . , n+ 1.
For every j = 1, . . . , n+ 1, and every k ∈ N, put
(4.52) f˜
(j)
k (x) := k
d
2 eikϕ(x)βj(x)χ(x)τ(
√
k
log k
x′′) ∈ C∞0 (Dˆ),
set
fˆ
(j)
k (x) :=
∫
G
f˜
(j)
k (g ◦ x)b(g)dµ(g) ∈ C∞G (X)
and put
f
(j)
k := Sfˆ
(j)
k .
We can repeat the proofs of Theorem 4.5 and (4.36) and obtain
Theorem 4.9. We have f
(j)
k ∈ C∞G (X)
⋂
Ker ∂b, j = 1, 2, . . . , n+ 1, and
lim
k→+∞
df
(j)
k (p) = π
d
2
r∑
s=1
b(gs)dzj , j = 1, 2, . . . , n,
lim
k→+∞
df
(n+1)
k (p) = π
d
2
r∑
s=1
b(gs)dx2n+1.
(4.53)
Let ξ1, . . . , ξd be the orthonormal basis for g as in the discussion before (2.8). For every
j = 1, 2, . . . , d, put
T˜j : C
∞(G)→ C∞(G),
u(g)→ ∂
∂t
(
u(g ◦ (etξj )−1)
)
|t=0.
(4.54)
It is easy to see that T˜j , j = 1, . . . , d, are linear independent vector fields on G. By using
local coordinates, it is straightforward to see that there are δℓ(g) ∈ C∞(G), ℓ = 1, . . . , d,
such that
(4.55) the matrix
(∑r
s=1(T˜jδℓ)(gs)
)d
j,ℓ=1
is invertible.
We remind the reader that g1 ∈ G, . . . , gr ∈ G are as in (4.28). Let 0 < ε < 1 be a constant.
By Theorem 3.2, we can find αℓ(g) ∈ C∞G (G), ℓ = 1, . . . , d, such that ‖aℓ − δℓ‖C1(G) < ε,
for every ℓ = 1, . . . , d. We take ε small enough so that
(4.56) the matrix
(∑r
s=1(T˜jαℓ)(gs)
)d
j,ℓ=1
is invertible.
For every ℓ = 1, . . . , d, and every k ∈ N, put
(4.57) Hˆ
(ℓ)
k (x) :=
∫
G
f˜k(g ◦ x)αℓ(g)dµ(g) ∈ C∞G (X),
where f˜k(x) is as in (4.30). Put
H
(ℓ)
k := SHˆ
(ℓ)
k .
As before, we have H
(ℓ)
k ∈ C∞G (X)
⋂
Ker ∂b, ℓ = 1, 2, . . . , d. Let Tj ∈ C∞(X,TX), j =
1, . . . , d, be as in (2.8).
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Theorem 4.10. We have
(4.58) lim
k→+∞
(TjH
(ℓ)
k )(p) = π
d
2
r∑
s=1
(T˜jαℓ)(gs), j, ℓ = 1, 2, . . . , d,
limk→+∞(dH
(ℓ)
k )(p) exists, for every ℓ = 1, 2, . . . , d, and
(4.59)
{
limk→+∞(dH
(ℓ)
k )(p); ℓ = 1, 2, . . . , d
}
are linear independent.
Proof. For every j, ℓ = 1, 2, . . . , d, we have
lim
k→+∞
(TjH
(ℓ)
k )(p)
= lim
k→+∞
(TjHˆ
(ℓ)
k )(p)
= lim
k→+∞
∂
∂t
(∫
G
f˜k(g ◦ etξj ◦ p)αℓ(g)dµ(g)
)
|t=0
= lim
k→+∞
∂
∂t
(∫
G
f˜k(g ◦ p)αℓ(g ◦ (etξj )−1)dµ(g)
)
|t=0
= lim
k→+∞
∫
G
f˜k(g ◦ p)(T˜jαℓ)(g)dµ(g).
(4.60)
From (4.60), we can repeat the proof of (4.36) and conclude that limk→+∞(dH
(ℓ)
k )(p)
exists, for every ℓ = 1, 2, . . . , d, and (4.58) hold.
From (4.58), (4.56) and some elementary linear algebra, we get (4.59). 
From (4.53) and (4.59), we conclude that there is a k0 ∈ N, such that for every k ≥ k0,{
(df
(1)
k )(p), (df
(2)
k )(p), . . . , (df
(n+1)
k (p), (dH
(1)
k )(p), (dH
(2)
k )(p), . . . , (dH
(d)
k )(p)
}
are linear independent.
(4.61)
Put
f (j)p := f
(j)
k0
∈ C∞G (X)
⋂
Ker ∂b, j = 1, 2, . . . , n + 1,
H(ℓ)p := H
(ℓ)
k0
∈ C∞G (X)
⋂
Ker ∂b, ℓ = 1, 2, . . . , d.
(4.62)
Consider the G-equivariant CR map
Fˆp : X → Cn+1+d,
x→ (f (1)p (x), f (2)p (x), . . . , f (n+1)p (x),H(1)p (x),H(2)p (x), . . . ,H(d)p (x)) ∈ Cn+1+d.
(4.63)
From (4.61), we get
Theorem 4.11. With the notations above, there is an open set Dp ⊂ U of p in X such that
the differential of the map Fˆp is injective at every point of Dp and Fˆp is injective on Dp.
From Theorem 4.11, we see that X is locally G-equivariant embeddable by a CR map.
To get global G-equivariant embedding, we need more G-finite smooth CR functions. We
can repeat the proofs of Lemma 4.3 and Corollary 4.7 and obtain
Theorem 4.12. With the notations used above, there are small open sets Wp ⋐ V of e0
in G with Wp = W
−1
p , D˜p ⋐ Dp of p in X and a G-finite smooth CR function fp ∈
C∞G (X)
⋂
Ker ∂b such that
(4.64) g ◦ x ∈ Dp, for every x ∈ D˜p and every g ∈
⋃r
s,t=1 gsWpgt,
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(4.65) Re fp(x) ≥ 3
4
rπ
d
2 , for every x ∈ D˜p,
and
(4.66) |fp(h ◦ x)| ≤ 2
3
rπ
d
2 for every h /∈ ⋃rs,t=1 gsWpgt and every x ∈ D˜p,
where r ∈ N is the Cardinal number of Np and Dp is an open set of p as in Theorem 4.11.
Similarly, we can repeat the proof of Corollary 4.7 and get
Theorem 4.13. With the notations used above, there is an open setD0,p ⋐ D˜p of p inX and
a G-finite smooth CR function Ap ∈ C∞G (X)
⋂
Ker ∂b such that
(4.67) ReAp(x) ≥ 3
4
rπ
d
2 , for every x ∈ D0,p,
and for every x ∈ X with g ◦ x /∈ D˜p, for every g ∈ G, we have
(4.68) |Ap(x)| ≤ 1
2
rπ
d
2 ,
where D˜p is an open set of p as in Theorem 4.12.
For every x ∈ X, let Dx, D˜x and D0,x be open sets as in Theorem 4.11, Theorem 4.12
and Theorem 4.13 respectively and let f
(j)
x ∈ C∞G (X)
⋂
Ker ∂b, j = 1, 2, . . . , n + 1, H
(ℓ)
x ∈
C∞G (X)
⋂
Ker ∂b, ℓ = 1, . . . , d, fx ∈ C∞G (X)
⋂
Ker∂b, Ax ∈ C∞G (X)
⋂
Ker ∂b be as in
(4.62), Theorem 4.12 and Theorem 4.13. Suppose that
X = D0,p1
⋃
D0,p2
⋃
· · ·
⋃
D0,pK , K ∈ N.
For every pj, j = 1, 2, . . . ,K, put
Fpj : X → Cn+3+d,
x→ (f (1)pj (x), . . . , f (n+1)pj (x),H(1)pj (x), . . . ,H(d)p1 (x), fpj (x), Apj (x)) ∈ Cn+3+d.
(4.69)
Consider the G-equivariant CR map
F : X → CK(n+3+d),
x→ (Fp1(x), Fp2(x), . . . , FpK (x)) ∈ CK(n+3+d).
(4.70)
We can now prove our main result
Theorem 4.14. With the notations used above, F is an embedding.
Proof. From Theorem 4.11, we see that the differential of F is injective at every point of
X. Hence, to prove the theorem, we only need to show that F is globally injective. Fix
x0 ∈ X and y0 ∈ X with x0 6= y0. We are going to prove that F (x0) 6= F (y0). We may
assume that x0 ∈ D0,p1.
case I. If g ◦ y0 /∈ D˜p1, for every g ∈ G : From (4.67) and (4.68), we see that
|Ap1(x0)| ≥
3
4
rπ
d
2 >
1
2
rπ
d
2 ≥ |Ap1(y0)| .
Hence, F (x0) 6= F (y0).
case II. If g ◦ y0 ∈ D˜p1, for some g ∈
⋃r
s,t=1 gsWp1gt, where Wp1 is as in Theorem 4.12 :
Take g0 ∈
⋃r
s,t=1 gsWp1gt so that g0 ◦ y0 = y1 ∈ D˜p1 . Then, y0 = g−10 ◦ y1. Since
W−1p1 = Wp1 , we can check that g
−1
0 ∈
⋃r
s,t=1 gsWp1gt. From this observation and
(4.64), we conclude that y0 = g
−1
0 ◦ y1 ∈ Dp1 . In view of Theorem 4.11, we see
that Fˆp1 is injective on Dp1 and hence F is injective on Dp1 . Thus, F (x0) 6= F (y0).
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case III. If g ◦ y0 ∈ D˜p1, for some g /∈
⋃r
s,t=1 gsWp1gt : Take h /∈
⋃r
s,t=1 gsWp1gt so that
h ◦ y0 = y1 ∈ D˜p1 . Since W−1p1 = Wp1, we have h−1 /∈
⋃r
s,t=1 gsWp1gt. From this
observation, (4.65) and (4.66), we have
|fp1(x0)| ≥
3
4
rπ
d
2 >
2
3
rπ
d
2 ≥ ∣∣fp1(h−1 ◦ y1)∣∣ = |fp1(y0)| .
Hence, F (x0) 6= F (y0).
We have proved that F (x0) 6= F (y0). The theorem follows. 
5. CR ORBIFOLDS
5.1. Definition and properties of CR orbifolds. We start by giving the basic definitions.
Definition 5.1. Let X be a Hausdorff topological space. We say that X is a CR orbifold of
dimension 2n+ d with CR codimension d if there exists a cover Ui ofX, which is closed under
finite intersections, such that
• For each Ui, there exists a CR manifold Vi of dimension 2n + d with CR codimension
d, a finite group Γi acting on Vi with CR automorphisms and a Γi-invariant map
Ψi : Vi → Ui, which induces a homeomorphism Vi/Γi → Ui.
• For each inclusion Ui ⊂ Uj, we have an injective group morphism ϕij : Γi → Γj and
a CR isomorphism Φij : Vi → Ψ−1j (Ui), which satisfies Φij(gx) = ϕij(g)Φij(x) for
x ∈ Vi, g ∈ Γi and fulfills Ψj ◦ Φij = Ψi.
We call the tuple (Ui, Vi,Γi,Ψi) an orbifold chart and the cover Ui an orbifold atlas.
An orbifold is called effective if for all charts, the action of Γi on Vi is effective.
For U ⊂ X open, a function f : U → C is called a CR function if every lift of f into a chart
is a CR function.
It is a well known fact that every real effective orbifold may be written as the global
quotient of a compact group G acting locally free on a manifold X. We will formulate the
necessary conditions to proof the according theorem for CR orbifolds.
Let G be a Lie-group, H < G a closed Lie-subgroup of G and H act on a real manifold
S. ThenH acts on G×S via (h, (g, s)) 7→ (gh−1, hs) and we denote G×H S = (G×S)/H.
Since the H-action on G is proper and free, the space G×H S is a real manifold.
Definition 5.2. Let X be a CR manifold with a CR action of a Lie group G such that Cg ∩
(T 1,0X ⊕ T 0,1X) = {0}. We say that the G-action admits CR slices if for every x ∈ X, there
exists a real submanifold S of X with x ∈ S such that
• The set S is Gx-invariant
• We have T 1,0X ⊕ T 0,1X ⊂ CTS
• The map G×Gx S → X, [g, s] 7→ gs is a diffeomorphism onto an open subset of X
Note that in the definition above, S has a CR structure induced by T 1,0X, which defines
a CR structure on G×Gx S such that the map G×Gx S → X is a CR isomorphism onto an
open subset.
Proposition 5.3. Let X be a CR manifold of dimension 2n + d with CR dimension d. Let
G be a compact Lie group of dimension k with locally free CR action on X which satisfies
Cg ∩ (T 1,0X ⊕ T 0,1X) = {0} and admits CR slices. Then X/G is a CR orbifold of dimension
2n+ d− k with CR codimension d− k.
Proof. This is now analogous to the real version. The charts are given by G ×Gx S/G =
S/Gx with S being a CR manifold as above and Gx finite. 
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Theorem 5.4. Let X be an effective CR orbifold. Then there exists a CR manifold Y and a
compact Lie group G with locally free CR action on Y which satisfies Cg∩ (T 1,0Y ⊕T 0,1Y ) =
{0} and admits CR slices such that Y/G = X.
Proof. We will first discuss the general construction of the frame bundle. Let Z be a CR
manifold of dimension 2n+ d with an effective CR action of a finite group Γ.
Let g be a Γ-invariant metric on Z and define the frame bundle over Z by Fr(Z) =
{(x,B) |x ∈ Z, B orthonormal basis in TxZ}.
Then Γ acts on Fr(Z) via (g, (x,B)) 7→ (gx, dg(B)) and O(2n + d) acts on Fr(Z) via
(A, (x,B)) 7→ (x,BA−1). Since the Γ-action on Z is effective, we have that Fr(Z)/Γ is a
manifold and theO(2n+d)-action extends onto this quotient. Note that (Fr(Z)/Γ)/O(2n+
d) = Z/Γ.
We may equip Fr(Z) with a CR structure as follows. Take a local trivialization U ×
O(2n + d) for the frame bundle, which is equipped with the CR structure coming from
U ⊂ Z and the trivial structure on O(2n + d). One checks that this gives a global CR
structure on the frame bundle such that the Γ and O(2n + d)-actions are CR, therefore
Fr(Z)/Γ is also a CR manifold.
From the construction, we conclude that
C · o(2n + d) ∩ (T 1,0Fr(Z)/Γ⊕ T 0,1Fr(Z)/Γ) = {0}.
We will check that Fr(Z)/Γ admits CR slices for the O(2n+ d)-action.
For this, let U × O(2n+ d) be a local trivialization of Fr(Z) such that U is Γ-invariant.
We have the map π : (U ×O(2n+ d))/Γ→ O(2n+ d)/Γ, which is a submersion. One may
easily check from the construction that π−1(Id) =: S is a CR Slice.
Now let X be an effective CR orbifold. Choose a smooth metric g on X, which gives
rise to a Γi-invariant metric in every chart Vi. One may now construct the frame bundle
in every chart and glue the Fr(Vi)/Γi together using the orbifold transition functions. 
5.2. Embedding theorems for CR orbifolds. Let X be a CR manifold and fix p ∈ X. Let
x = (x1, . . . , x2n+1+d) be local coordinates of X defined in a neighborhood U of p such
that x(p) = 0 and (4.2), (4.3), (4.4), (4.8), (4.9) hold. Put Np := {g ∈ G; g ◦ p = p} =
{g1 := e0, g2, . . . , gr}. Let Dˆ ⋐ D ⋐ U be open sets of p as in Lemma 4.3 and Lemma 4.4
respectively. We will use the same notations as in Section 4. Let C∞(X)G denote the set
of G-invariant smooth functions on X. For every j = 1, . . . , n + 1, and every k ∈ N, let
f˜
(j)
k (x) ∈ C∞0 (Dˆ) be as in (4.52), let
(5.1) g˜
(j)
k (x) :=
∫
G
f˜
(j)
k (g ◦ x)dµ(g) ∈ C∞(X)G
and set
(5.2) g
(j)
k := Sg˜
(j)
k ∈ L2(X)
⋂
Ker ∂b.
We can repeat the proofs of Theorem 4.5 and Theorem 4.6 and deduce
Theorem 5.5. For every k ∈ N, we have g(j)k ∈ C∞(X)G
⋂
Ker ∂b, j = 1, 2, . . . , n+ 1, and
lim
k→+∞
dg
(j)
k (p) = rπ
d
2 dzj , j = 1, 2, . . . , n,
lim
k→+∞
dg
(n+1)
k (p) = rπ
d
2 dx2n+1.
(5.3)
From (5.3), we conclude that there is a k0 ∈ N, such that for every k ≥ k0,
(5.4)
{
(dg
(1)
k )(p), (dg
(2)
k )(p), . . . , (dg
(n+1)
k (p)
}
are linear independent.
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Put
(5.5) g(j)p := g
(j)
k0
∈ C∞G (X)
⋂
Ker ∂b, j = 1, 2, . . . , n+ 1.
Consider the G-invariant CR map
Gˆp : X → Cn+1,
x→ (g(1)p (x), g(2)p (x), . . . , g(n+1)p (x)) ∈ Cn+1.
(5.6)
For x ∈ X, put HxX := ReT 1,0x X and set
(5.7) Hˆx(X) := span {HxX,T (x)} .
From (5.4), we see that the differential
dGˆp : TpX → TpCn+1
is injective on HˆpX, that is, (dGˆp)(V ) 6= 0, for every V ∈ HˆpX. From this observation and
the inverse function theorem, we get
Theorem 5.6. With the notations above, there is an open set Vp ⊂ U of p in X such that the
differential of the map Gˆp is injective on HˆxX at every point x of Vp and Gˆp is injective on
Vp/G in the sense that for every x, y ∈ Vp with x /∈ {g ◦ y; g ∈ G}, we have Gˆp(x) 6= Gˆp(y).
Similarly, we can repeat the proof of Corollary 4.7 with minor changes and deduce that
Theorem 5.7. With the notations used above, there is a gp(x) ∈ C∞(X)G
⋂
Ker ∂b and an
open set V˜p ⋐ Vp of p such that
(5.8) |gp(x)| ≥ 3
4
rπ
d
2 , for every x ∈ V˜p,
and
(5.9) |gp(x)| ≤ 1
2
rπ
d
2 , for every x /∈ GVp,
where GVp := {g ◦ x; g ∈ G,x ∈ Vp}.
For every x ∈ X, let Vx and V˜x be open sets as in Theorem 5.6 and Theorem 5.7
respectively and let g
(j)
x ∈ C∞(X)G
⋂
Ker ∂b, j = 1, 2, . . . , n + 1, gx ∈ C∞(X)G
⋂
Ker ∂b
be as in (5.6) and Theorem 5.7 respectively. Suppose that
X = V˜p1
⋃
V˜p2
⋃
· · ·
⋃
V˜pM , M ∈ N.
For every pj, j = 1, 2, . . . ,M , put
Gpj : X → Cn+2,
x→ (g(1)pj (x), . . . , g(n+1)pj (x), gpj (x)) ∈ Cn+2.
(5.10)
Consider the G-invariant CR map
G : X → CM(n+2),
x→ (Gp1(x), Gp2(x), . . . , GpM (x)) ∈ CM(n+2).
(5.11)
We can now prove
Theorem 5.8. With the notations used above, G is injective on X/G in the sense that for
every x, y ∈ X with x /∈ {g ◦ y; g ∈ G}, we have G(x) 6= G(y).
Proof. Fix x0 ∈ X and y0 ∈ X with x0 /∈ {g ◦ y0; g ∈ G}. We may assume that x0 ∈ V˜p1 .
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case I. If y0 /∈ GVp1 : From (5.8) and (5.9), we see that
|gp1(x0)| ≥
3
4
rπ
d
2 >
1
2
rπ
d
2 ≥ |gp1(y0)| .
Hence, G(x0) 6= G(y0).
case II. If y0 ∈ GVp1: Take g0 ∈ G and y1 ∈ Vp1 so that g0◦y1 = y0. In view of Theorem 5.6,
we see that Gˆp1(x0) 6= Gˆp1(y1). Since Gˆp1 is G-invariant, Gˆp1(y0) = Gˆp1(y1). We
deduce that Gˆp1(x0) 6= Gˆp1(y0) and hence G(x0) 6= G(y0).

From Theorem 5.6 and Theorem 5.8, we get Theorem 1.5.
6. INDUCED CR STRUCTURES
Let X be a CR manifold of codimension d and F : X → Cm a CR map which is an
embedding. For d = 1, we have that F is a CR embedding, that is, F (X) is a CR sub-
manifold of Cm, meaning that the CR structure is induced by the surrounding space, and
dFˆ
(
T 1,0X
)
= CT Fˆ (X) ∩ T 1,0CN . For general d, this is not obvious. We conclude with
the following result.
Theorem 6.1. Let (X,T 1,0X) be a (2n + 1 + d)-dimensional compact and orientable CR
manifold of codimension d+1, d ≥ 1. Assume that X admits a CR action of a d-dimensional
compact Lie group G. Let T be a globally defined vector field on X such that CTX =
T 1,0X ⊕ T 0,1X ⊕ CT ⊕ Cg, where g is the space of vector fields on X induced by the Lie
algebra of G. If X is strongly pseudoconvex in the direction of T and n ≥ 2, then we can find
a G-equivariant CR embedding F : X → Cm into some G-representation Cm, that is F is a
smooth embedding, F (X) is a CR submanifold of Cm and dFˆ
(
T 1,0X
)
= CT Fˆ (X)∩T 1,0CN .
Proof. We have already seen that we may find an equivariant CR map F : X → Cm1 which
is an embedding. According to Theorem 5.6, we may also find a CR map E : X → Cm2
which is G-invariant and dEx is injective on HˆxX for every x ∈ X.
Now consider the embedding H : X → Cm, H = (F,E). One may see from linear
algebra that H(X) is a CR submanifold of Cm iff dimR(TyH(X)+ iTyH(X)) = 2n+2d+2
for all y ∈ H(X), where TyH(X) + iTyH(X) denotes the space of all vectors of the form
W + JV for W and V in TyH(X) and J is the standard complex structure on complex
space. Every G-representation extends to a GC-representation and since the G-action on
X is locally free, the G-action onH(X) is locally free. We conclude that dimRg
Cy = 2d for
all y ∈ H(X). This shows that TyH(X)+iTyH(X) has at least dimension 2n+2d. Assume
there exists a y such that the dimension is exactly 2n+ 2d. Write H(x) = y, then we have
dE(T (x)) ∈ dE(T 1,0x X ⊕ T 0,1x X) and T (x) ∈ T 1,0x X ⊕ T 0,1x X, which is a contradiction. 
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